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1. Baudhayana 


ee iene E EAE 
Š N R 


Baudhayana was a Vedic Scholar of Yajurvedins 
Taittriya school, who authored the oldest Sulbasutras. Considerir 
the view of George Buhler it is believed that Budhayana live 
probably eight centuries before the Christian era and his natis 
place was somewhere in Andhra country of South India. B. 
Ramgopal had shown different opinion about it by stating that tł 
Srautasutras and Dharmasutras of Baudhayana give sufficie1 
evidence to establish his familiarity with the region between tł 
Ganges and the Yamuna, generally known as Aryavarta. So th 
region should be his birth place. In truest sense, Baudhayana w' 
not a mathematician. He was basically a priest and a teacher 
religious matters. He beautifully formulated and applied th 
mathematical rules for construction of different altars, vedic: 
yagnakundas which were used for various religious activitie: 
Because of the exactness of these rules and their geometric: 
significance the Sulbasutras of Baudhayana are considered th 
finest inventions of ancient Hindu scholars‘ The Sulbasutras « 
Baudhayana are spread in twenty one chapters, the detail of topic 
covered in these chapters is given below for the knowledge of th 
readers. 

e Chapter 1: Units of measurements, construction of square 

and rectangies, theorem of square on the diagonal and surds 

+ Chapter 2: Transformation of geometrical figures. 

e Chapter 3: Sacrificial fires and Altars. 


Chapter 4: Areas of Pragvamsa (rectangle), Mahavedi (Isos 
celes trapezium) etc. Construction of Ekadasi and Asvamedhz 
vedi and the value of n. 

e Chapters 5, 6 and 7: Enlargement of firealtars. 


e Chapters 8 and 9: Construction of a Rectilinear Syenacit 
(falcon shaped firealtars) of first and second type. 
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Chapters 10 and 11: Construction of a fire altar in the 
form of a falcon with curved wings and extended tail first 
and second type. 

e Chapters 12 and 13 : Construction of a fire altar in the 
form of a Kankacit (Kite) and an Alaja bird. 

e Chapters 14, 15, 16 and 17 : Construction of fire altar in 
the form of Praugaciti (Isosceles triangle), Ubhayata Prauga 
(Rhombus), Rathacakraciti (Chariot wheel) and a‘square 
trough. 

e Chapter 18: Construction of fire altars in the form of a cir- 
cular trough and of Samuhya and Paricayya. 

e Chapter 19 : Construction of fire altars in the form of 
Samasanacit (Pyre). 

-e Chapters 20 and 21: Construction of firealters in the form 
of a Kurmacit (Tortoise) with twisted and rounded limbs. 

Now we explain some of the important results given by 

Baudhayana. First we take a very important result related to the 
sides of any right angled triangle which is expressed in this sloka 
as: 


a uga pecan Fd wala 1! 

(The diagonal of rectangle produces both areas which its length 
and breadth produce separately) 

For any rectangle PQRS, this sutra states that PR? = PQ? + 
QR?. This proposition was given first by Baudhayana (800 B.C.), 
which later on was also expressed in almost same language by other 
Sulbakaras Apastamba (A. Sl. 1.4), Katyayana (K. Sl. 2.7) and 
Manava (M. Sl. 10.10). Baudhayana also made it further clear that 
this theorem can be easily verified from the relations like 


32 + 42 = 52 
122 + 52 = 18? 
152 + 82 = 17? 
72 + 24? = 252 


122 + 352 = 37? 
15? + 36? = 392 
Though the proof of this theorem given by Baudhayana and 
other Sulbakars could not be traced but the scholars like Burk ii 
Hankel, Thaibout and Dalta conjectured that Baudhayana was We 
aware of the proof of this theorem and the proof of Baudhayan” 


m O úo 
may be any one of the proofs which are known presently as the 
proofs given by ancient Hindu mathematicians to obtain such type 
of results. Unfortunately this theorem is attributed to the Greek 
philosopher Pythagoras (C.540 B.C.) and known as Pythagoras theo- 
rem universally but it will be proper if this theorem is named as 
Baudhayana theorem or Sulba theorem because there is no doubt 
in accepting the fact that Baudhayana established this relation- 
ship even two to three centuries before the period of Pythagoras. 
Moreover, it will also be appropriate to mention here that ancient 
Hindus were aware of such relationship even two thousand years 
before the christian era, where we see a clear reference of the rela- 
tionship like 39? = 362 + 15? in the Taittriya Samhita (before 2000 
B.C.) and also in Satapatha Brahmana (X. 2.3.7). 


The second important result of Baudhayana is given below : 


(ti) This result is also known as fish method to draw two per- 
pendicular diameters in a circle. 


„E 
W 
The third important result of Baudhayana is given below : 
(tit) Here we give one of the 
classic problems of geometry i.e. cir- 
cling the square which is beautifully 
explained by Baudhayana in his 
rule that “To circle a square, take 
half of its diagonal towards east- 
west line and then describe a circle 
keeping third part of it outside the 
Square” : This rule is demenstrated 
eeometrically in adjoining figure. 
For given square PQRS, get cen- 


tral point O, join OS and draw are 
SLR, divide LN in such a way that 
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LM = 2MN draw a circle with radius OM, which is approximately 
equal in area that of the area of square PQRS. 


From this construction the approximate value of x can also be 
obtained. Ifa is the side of square PQRS, then 


Os- and OM= G2 +2) 
72 6 


or 20M 2 
Let 20M =d, 
a 9d* 
5 — — =a? 
3 or (24 i a 
2 36 
2_ 14. 8 
but af = 4 so n= 27 202 
3602 — 2) - 
or e e v2? 
or T = 9(6 - 4/2) 


Putting J2 = 1.414... approximately 
n = 3.088 (approximately) . 
Baudhayana also described the value of n in his sutra as 


; 3 1 1 
7 rzi- oe 
8 8.29 8.296 8.2968) 

= 3.0885. 


Baudhayana considered several values of x while constructing 
different circular figures. In such figures he considered approximate 


676 990 1156 
values ofr like —— ~ 3.004, ~3.114 and L ~ 3.202. Though 
225 289 361 


these values of x were not accurate but in the construction of 
different altars these approximate values of n could not lead the 
result to any significant error, that is why, Baudhayana took these 
values as and when they were required for the construction ot 
geometrical figures of his choice. Baudhayana also devised the rules 
to find the solutions of general linear equations of one variable and 
also dealt the problems related to indeterminate equations of first 
degree. In his Sulbasutras we also find beautiful exposition of 
geometrical techniques to solve various type of algebraic equations 
like ax? = c and ax? + bx = c. Baudhayana also recognised the 
importance of numbers of incommensurable nature and calculated 
their approximate value. He used these numbers in the process ° 
construction of various geometrical figures. 


Manava was the Vedic Scholar of the Maitrayani School. Aboi 
the place of origin of Manava, nothing can be said with full certainit 
because of nonavailability of authentic informations related to h: 
birth and place of birth in the literature of that period. But man 
historians expressed that Sulbasutras of Manava were compose 
around 750 B.C which sufficiently placed him in between the perio 
of Baudhayana (800 B.C.) and Apastamba (600 B.C.). Manava 
Sulbasutras represent the Brahmana geometry and mensuratio 
and he wrote those sutras almost in archaic style. The genere 
impression of the historians about all Sulbakaras also applies t 
Manava that he was not a mathematician in true sense but he wa 
a man of considerable learning who had formulated various rule 
and expressed them beautifully to define and construct differen 
geometrical figures. He used them for various religious purposes 
It also become clear from the available literature of that time tha 
Manava was a Vedic Priest as well as a skilled craftsman. Manava 
Sulbasutra followed the common tradition of other Sulbakars anı 
continued the same during his period to pass that valuable treasur: 
of mathematical knowledge from one generation to other. Thougl 
at several places it is also observed by the scholars that Sutra: 
expressing the details and methods related to various geometrica 
figures given by Manava are difficult to comprehend at the firs’ 
instance and these are understood only by taking into consideration: 
the references of sutras of other Sulbakaras like Baudhayana 
Apastamba and Katyayana. The Sulbasutras of Manava are detailed 
in sixteen chapters and the topics covered in these chapters are 
given below: 

e Chapter 1: Determination of east-west line, construction of 
Darsiki Vedi, size and places of Garhapatya, Ahavaniya, 
Daksinaghi, Utkara and rule for construction of a square. 

Chapter 2: Units of Chariot, Construction of Pasubandha, 
Pasuki, Maruti, Varuna and Paitriki Vedis. 
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e Chapter 3: Positions of Pragvamsa, Sadas and Havirdhana, 
relative to Mahavedi. 
e Chapters 4 and 5: Units of measures and weights, bricks, 
construction of Caturasrasyenacit. 
Chapter 6: Garhapatya, Agnidhriya, Brahmnacchamsa, 
Marjaliya. 
Chapters 7 and 8: Construction of suparnaciti 
Chapter 9: Areas of Garhapatya, Dhisnyas and placing of 
bricks in different Yagnas. 
e Chapter 10: The Sulbavid, Sanku, Rope measurement of 
volume, Properties of right angled triangle. 
e Chapter 11: Units of measurement, circling a square, areas 
of plane figures, value of x, quadrature of the circle, use of 
Pancangi cord, measures for diagonal of a rectangle. 
Chapter 12: Diagonal of a right triangle. 
Chapter 13 : Construction of Saumiki Vedi, Garhapatya, 
Caturasrasyena of another type, Agnidhriya, Hotriya, 
Brahmanacchamsa and Marjaliya. 
ə Chapter 14: Vakrapaksa Syena, Kanka and Alaja. 
e Chapters 15 and 16: Praugacit, Ubhayata Prauga, 
Samuhya, Drona, Rathacakracit. 

Manava gava the rule to construct Darsiki Vedi in the form of 
isosceles trapezium having base 64 ang., face 48 ang. and altitude 
96 ang. The Pasuki Vedi and Maruti Vedi were also constructed in 
the form of isosceles trapezium. He gave the rule to construct a 
square by following the relation a? + (3/4 a} = (5/4 a)?, where a is 
length of the chord. Manava calculated the value of & by following 


i d c 
the relation o — + 3d =3.2 or -~ =3.2, wherec is circumference 


of circle and d the diameter. He also described the properties of 
right angled triangle and established the formula (3n)? + (An)2 
= (5n)?, where n is any quantity. He also expressed the methods to 
construct rational right angled triangle with sides measured in 
R 1 1 1 ; 
fractions i. e. 22 6, 62 7 10, 125; in addition to the sides having 
the values in terms of whole numbers like 72, 96, 120 and 40, 96, 
104. Manava also gave the rule to construct Saumiki fire altars in 


the form of an isosceles trapezium having base 12V3, face 8% 


and altitude 12% which is sufficient to understand that Manava 
was quite comfortable in dealing with the numbers 0! 
incommensurable nature. 


1 al se Y 
i . ~- 488 Gere 
rs 1 Asi ES ANH Sets) ee EAP Sok be as T GA. 4 f; 
28 11 rn. ‘ 22 pay ** E 2 Ga Wr è * a bi 
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3. Apastamba 


Apastamba was a great scholar of Vedic lore, who probably lis 
six centuries before the Christian era. He was one of the promine 
authors of Sulba-Sutras which are the part of the Srautasut!i 
belonging to all the four Samhitas. Sulbasutras were basically mez 
for the construction of altars/vedis to perform Vedic rituals. T 
Sulbasutras of Apastamba are very interesting because of thi 
geometrical importance. These are attached to Black Yajurvedi 
of the Taittriya School. The exact period of Apastamba’s life span 
also not known but most of the scholars and historians are of t 
view that his Sulbasutra appeared after the period of another Vec 
Scholar Baudhayana. George Buhler expressed his opinion th 
Apastamba lived in South India particularly in Andhra, whe 
several land-grants are found, which are also referred in tl 
Dharmasutra’s of Apastamba and probably lived in the fifth-six 
century before Christian era. It is also believed from the availab 
literature of that period that Apastamba was a priest and taug. 
the matters related to religious practices. The Sutras formulate 
by him were mainly concerned with religious activities to facilita 
the construction of the altars of yagnas, bhumikas and sacrifice 
Apastamba’s Sulbasutras are spread into six sections, twent 
chapters coverin g altogether two hundred and twenty three Sutra 
The topics dealt in these chapters are detailed below: 

Chapter 1: Construction of square, the theorem of squat 
on the diagonal and the value of square root of 2, 
Chapter 2: Construction of square, surd, a square from 
combination and difference of two squares and transforma 
tion of a rectangle into a square. 

Chapter 3: Transformation of a square into a rectangle anc 
a circle, a circle into a square and construction as well a: 
enlargement of squares. 
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e Chapter 4: Garhapatya, Ahavaniya and Daksinagni, their 
relative positions and distances and construction of Darsikya 
Vedi. 

ə Chapters 5 and 6: The method of cords and their use in 
the construction of altars. 

e Chapter 7: Construction of Sadas, Uparavas, Garhapatya, 
Dhisnya and Angidhriya. 

Chapters 8 and 9: Characterstics of Agni and construction 
of Vedis. 

e Chapter 10: Construction of a rectilinear syenacit. 

e Chapter 11 : Construction of a rectilinear syenacit with 
square bricks. 

e Chapter 12: Firealtars in the form of isosceles triangle, 
rhombus and chariot wheel. 

e Chapter 13: Construction of firealtars in the form of chariot 
wheel and a trough. 

e Chapters 15 to 20: Construction of a firealtar in the form 
of a falcon with curved wings and extended tail with first 
and second type. 

In Apastamb a's Sutra we also find reference of decimal numera- 
tion system, where a number 972 was named as astavimsatyunam 
sahasram ti. e. 28 less than 1000. Interestingly enough, Apastamba 
remarkably covered the numbers of incommensurable nature. He 
gave rational approximation of irrational number 2 correct to 
five places of decimals as 

L 1 1 


2 — + 
21334 34.34 


in this sloka, 
aes fence | wart Garay eee 
maghna Bates Ara: 
Ap. Sl. I. 5 
Apastamba was also familiar with such type of other numbers 


like /3 (trikarani) etc. and used them for the construction of vari- 


ous geometrical figures. In his Sutra we find a very useful method 
for calculation of square root approximately as 


VA = Va? +r=at > where r is relatively small e.g. 
. a 


APASTAMBA 9 


JIT = 42 +1= =44 > 442 


which is correct upto two places of decimals. 


Apastamba described the methods to con- 
struct Mahavedi by using one chord and two 
chords, which remain in the shape of isosceles 
trapezium having base 30 prakramas, height 36 
prakramas and face 24 prakramas. In the first 
method one cord is used to construct a right 
angled triangle and then with the use of this 
triangle isosceles trapezium is constructed as 
shown in adjoining figure. 

In second method of construction of Q 0 R 
mahavedi two pieces of chords are used for con- (Mahavedi) 
struction of right angled triangle and then with the help of this 
triangle isosceles trapezium is constructed. The three sets of chord 
relations are given by Apastamba in his Sulbasutras as 

(i) 32 + 42 = 52 
(3 * 3. 3)2 7 (4 f 4. 3)2 = (5 1 5. 3) 


or 122 + 162 = 202 
(3 1 3. 4)2 7 (4 T 4. 4)? (5 1 5. 4) 
or 152 + 202 = 252 
(it) 5? + 12? = 13? 
(5 4 2.502 + (12 + 2.12)? = (13 +2. 13) 
or 152 + 36? = 39? 
(iii) 82 + 152 = 17? 


12? + 357 = 377 
Apastamba was known about the fact related to rectangle that 
a Square on the diagonal of a rectangle is equal to the sum of the 
Squares on the two adjacent sides. He also described the rule to 


ee a square equal in area to the given rectangle in this 
sloka 


etd apa aa ama 
mig manaa wy a saN 
SS Wey Aaa aes E: Sad: 
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By this rule, first lay off the shorter side of given rectan 
the longer side such that QL = LM = MP = QP= ON. Furthe 
SR bisecting segments OQ and NP and 0 
then extend PQ to T, RS to U and ML to N 
V such that LV = QT = SU = QS and 
join the points U, T and V, which gives 8 
required square UVMR. R 

Apastamba also gave the rule to — 
solve general linear equations. We find 7 0 


some references of indeterminate 
equations of first degree like x + y 21 


gle on 
r draw 


x y P : 
and 47 + 5² 21 in the literature of that 


period which can be solved by using v 
Apastamba's sutras. 


4. Katyayana 
—̃ iS rs Ü m 7˙ — . eaa i 


Katyayana was a famous Sulbkara of Shukla Vajurvedin tradi- 
tion. It is supposed that he lived around 350 B.C. in between the 
period of Panini and Patanjali. Katyayana gave very systematic 
and logical treatment to various geometrical rules for the construc- 
tion of altars and sacrificial fires and gave succint expositions of 
those rules. Though Katyayana had not composed these sutras solely 
for mathematical reasons. These sutras were in fact the product of 
his necessities to perform various religious rites concerned with 
yagnabhumiks. Among all the Sulbakaras, Katyayana only gave 
clear exposition of the meaning of Sulba as rule of cord by stating 
his Sutras from the words "mma a% Katyayana’s Sulbasutra’s 
are described in six chapters and the topics covered in these chap- 
ters are given below : 


e Chapter 1: Drawing of east-west line, construction of 
squares and fixing the places of the Ahavaniya, Garhapatya, 
Daksinagni and Utkara altars. 


e Chapter 2: Units of measures, Paitrki Vedi, Theorem of 
square. 


„ Chapter 3: Difference of two squares, transformation of 
figures like rectangle into a square and vice versa. Circling a 
square and area of the circle. 


» Chapter 4: Transformation of a triangle in rhombus into a 
square, construction of Dronacit. 
Chapters 5 and 6: Construction of a square equal ton times 
a given square and Ekadasini fire altar. 
Io draw Paitriki Vedi, Katyayana gave a simple rule that join- 
ing the midpoints of the sides of a square Paitriki Vedi can be 
formed. Katyayana also gave a beautiful Sutra to draw squares on 
the sides and diagonals of a rectangle by dividing them into unit 


Squares and then adding those units together. He expressed it in 
this Sutra. 


11 
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in waxes 
ant wafa, a ETAR, !! 


Katyayana took various combination of numbers including ir- 
rational numbers to estabilish the relationship in between the sides 


of a right angled triangle like 
12 ＋ 3? = (10) 
22 + 6? = (40)? 
12 + (V2)? (J) 


2 2 
2 = * ot) d — iw where a is rational integer 
2 a 
With the help of this last identity Katyayana gave the rule to 
construct a square equal to n times the given square. 
In Katyayana’s Sutra we also find the rule to transform a rec- 
tangle into a square which can be expressed in algebraic terms as 


2 2 
1 1 
CEMT 
CEN 
ar ir u-v) (ub 
vue) +| 2) ( 
Substituting r? and s? for u and v respectively, to eliminate 
irrational quantities we get, 


2 2 
at ae oe 12382 r? +s? 
2 2 


which gives the rational solution of the equation of the form 
x + y? = 22. 
Katyayana also explained the meaning of dvikarani, trikarani 
and tritiyakarani in his sutra and described the method to con- 
struct sautramaniki vedi, which has the form of isosceles trape- 


, n 30 , 
zium of base — prakrams, face Ess prakrams and altitude = 
3 7 V3 

v3 3 


prakrams. 
To transform a rhombus Katyayana gave the Sutra as 
St: 3 ware eee ee ee | 
By this sutra rhombus is first divided into two isosceles triangle= 
by joining diagonal and then divide it into four right triangles by 


KATYAYANA 


cutting them along their altitudes 
and when these four right triangles 
are joined together, they form 
required rectangle as shown in 
figure. 

It is also interesting here to 
mention that Katyvayana gave the 
solution of the quadratic equations 
of the ſorms ar? + by =¢ andax? =r, 
while dealing with falcon shaped 
fire altar. He involved the equations 


of this nature and solved them by using following steps - 


1 1 


1 


which gives. u 
: 28 


and after simplifying it and neglecting the hig 


Katyayana gave the value 


p 
F 


a” =] + 


1 
411125 1 


her powers of p 


Year of Birth 476 A.D. 


Year of Death 550 A.D. 
Aryabhata I was born in the year 476 A. D; which is calculated 
on the basis of the description given by him in this sloka that : 
wager Beary AAAA: ATT: 
ate fatness WA Acre S Ff: 
(A.B. Kalkriyapad 10) 
From this sloka, the year of birth of Aryabhata I is computed in 
the way as 60 x 60 = 3600 and 3600 — 3179 = 421 saka year. Further 
421 + 78 = 499 A.D., it shows that in the year 499 A.D. Aryabhata! 
was twenty three years old, so his year of birth should be 499 — 23 
= 476 A.D. Regarding his place of birth nothing definite can be said 
but some scholars of later period who had affiliation with Aryabhata 
school, only claimed that he belonged to Asmaka region. Many other 
historians had also put forth their own conjectures about him by 
suggesting that his native place probably may be somewhere in 
Southern India either in Kerala or in Andhra region, but they could 
not corroborate these conjectures with any convincing evidences. 
Due to such differences among the scholars Parameswaran als? 
wrote “... no final verdict can be given regarding the locations of 
Asmakajanapada and Kusumpura”. But one point can be made with 
full certainity that Aryabhata I came to Kusumpura (Patiliputra 
or Patna) for acquiring knowledge in the areas of mathematics an 
astronomy. In Ganitapada, Aryabhata himself expressed that : 
amines Faia qaqa af iet 
Aryabhata I was exceptionally brilliant in his scientific way 
thinking which only lead him to discover several new laws, rules 
and principles related to mathematics and astronomy. In a ve!’ 
young age of twenty three years only, Aryabhata I authored D 
celebrated text Aryabhatiya. This text was beautifully express 
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a 
in the form of 121 Sanskrit slokas. It was his sheer medha only 
that the topics ranging from mathematics to astronomy, which were 
of far reaching importance, he could condense in these 121 slokas, 
which made this text a precious gift of Aryabhata I in the field of 
mathematics and astronomy to the posterity. This text consists of 
four partsviz. Dasagitikapad, Ganitapad, Kalkriyapad and Golapad. 
The first part Dasgitikapad comprises of 13 slokas and covered the 
topics like large units of time namely Kalpa, Manu and Yuga ; 
Circular units of arc i.e. degree and minute and linear units like 
yojana, hasta and angula. The positions of the planets, their apogees 
or aphelia, diameter of the planets, the inclinations of the orbital 
planes of the planets with the ecliptic and the epicycles of the 
different planets and construction of sinetables is also explained in 
this section. The second part of the Aryabhatiya is Ganitapad which 
consists of 33 slokas and deals with topics like geometrical figures 
and their properties ; mensuration, problems on the Sanku Chaya 
(shadow of the gnomon) ; arithmetic and geometric progression 
(Sredhi) ; simple and compound interest, square root, cube root, 
rule of three, simultaneous linear and quadratic indeterminate 
equations ; first order indeterminate equations in two unknowns of 
the form ax +c = by, for the integers a, b, and c etc. The third part 
of this text i. e. Kalakriyapad contains 25 slokas related to reckoning 
of time explaining various units of time, calcaulation of adhikamesa, 
Kasyatithis, speeds of planetary motion etc. The fourth part of this 
text is Golapada which deals with arithmetic and astronomy. It 
has 50 slokas covering topics related to sphere, the celestial equator, 
shape of the earth, the cause of day and night, lunar and solar 
eclipses, etc. Though it is believed by scholars that Aryabhata I 
wrote only one text Aryabhatiyam during his life time but historian 
K.S. Shukla found another portion of Aryasiddhanta of thirty four 
slokas ; On the basis of which he concluded that Aryabhata I might 
have authored Maha Arya Siddhanta covering the related topics 
based on midnight astronomy because this concept of Aryabhata I 
was referred in Mahabhaskariya, Laghubhaskariya and some other 
texts and commentaries of later period. The first commentary on 
Aryabhatiya was written by Prabhakar but unfortunately it is not 
available now. Thereafter Bhaskara I wrote the commentary on 
this text around 629 A.D. Bhaskara I called Aryabhata with the 
name Asmaka, his text Aryabhatiya by Asmakatantra and his 
followers by Asmakiya. Someswara wrote another commentary on 
Aryabhatiya around 1040 A.D. Besides these, Suryadeva, 
Nilakantha and Paramesvara also wrote commentaries on it. Few 
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other commentaries were also written by the scholars in the 
languages Telugu and Malayalam. 

In the second sloka of the Dasgitikapad Aryabhata I expressed 
his innovative alphabetical numerical system. In which he useq 
thirty three letters of the Indian alphabet. With the help of this 
alphabetic numeration system the numbers from 1 to 10" can be 
represented.He described this system in following sloka as : 

aigu ai s An 5 amirah sq St N: 
ain 0 7a as ara A a: 
(Second sloka, Dasgitika, Aryabhatiya) 

According to this sloka, the first twenty five consonants are 

assigned the whole numbers from 1 to 25, the twenty sixth alpha- 

bet is assigned the value five more than the twenty fifth and re- 

maining seven alphabets get values increased by ten and last con- 

sonant has the value one hundred. Aryabhata I’s alphabetic nu- 

meration system is made explicitly clear in the following table : 
Varga letters and the numbers 


Varga 

Ka-Varga gg q 1 4 = 
k kh ga gha na 
1 2 3 4 5 

Ca-Varga q4 3. a a 
cha chha ja jha na 
° 8 10 

ta-Varga z 3 z 5) 
fa tha da dha na 
n 12 13 14 15 

ta—Varga a 11 z 4 1 
ta tha da dha na 
16 17 18 19 20 

pa—Varga q F q 1 z 
ae pha ba bha ma 


7 
— — . — _ M 
Avarga letters and the numbers 
2 1 a q XI y x ş 


30 40 50 60 70 80 90 100 
Vowels (Nine numbers) 
a 5 z ** q y U att at 
a i u T ł Í ai au au 
1 100 10000 
(10°) (10% (104 (106) (108) (1010) (10123) (1024) (1016) 
In this system of numeration the notational positions were also 
classified as Varga and Avarga, from right to left by denoting units 
place, hundreds place, ten thousands place ete as Varga place and 
ten's place, thousands place ete as Avarga place. It also becomes 
clear with such distinction of notational position that Aryabhata I 


was familar with decimal system of numeration. In the second 
sloka of Ganita sloka he expressed that 


Wa 4 a a Wea 4 aeaagqa fad cen pany | 


BITS A Fe CA, LI ST aq !! 
(Second sloka, Ganitapada, Aryabhatiya) 
According to it the value of every place can be obtained by taking 
ten times of the preceding valuei.e. eka, dasa (ten), sat (hundred), 
sahasra (hundred), ayuta (ten thousand), niyuta (hundred 
thousand), prayuta (million), koti (ten million), arbuda (hundred 
million) and v rnda (thousand million). 


It is noteworthy to mention here that Aryabhata I devised the 
methods to extract square roots and cube roots depending on the 
decimal place value system and process of division. Though 
Aryabhata I followed his new alphabetic numeration system for 
most of his calculations related to astronomy and mathematics and 
it is understood that he was also familiar with numeral system. 
Ifrah also wrote that “... it is extremely likely that Aryabhata I 
knew the sign for zero and numerals for the place value system. 
Inis supposition is based on the following two factors, first, the 
Invention of his alphabetical counting system would have been 
impossible without zero or the place value system: secondly, he 
Carries out calculations on square and cube roots which are 
impossible if the numbers in question are not written according to 
"he place value system and zero”. 
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Aryabhata I gave the solutions of quadratic equations and solved 
the problems related to interest by using it. For the equation of the 
form tx? + px — Ap = 0, where f is time, p is principal sum, x the 
unknown interest and A is amount, he gave the value of x in the 
form, 


2 
“= | Apt+(2) — 2 
He also solved the problems related to linear equations and 
system of linear equations by using the rule of false position. He 
explained the concept of progression and presented the solutions 
to the problems related to arithmetic and geometric progressions. 
To find the number of terms of an arithmetic progression he gave 


the formula 
1| 8b (2 50 22 
„e ee 
2 5 


where a is the first term, b common difference, and s sum to n 
terms of given arithmetic progression. He also formulated follow- 
ing sums: 


+1 
(01727372 tns e 
( 12 + 22 + 32 + ene n(n + (2n +1) 
1 55 > 


(tii) 13 + 23 33 4 +n?= P 


Aryabhata I also gave solutions for the simultaneous quadratic 
equation of the form x -y =d ; xy =b as 


x= 3% +4b +a); y = 5a Abd 


It is interesting to note that Aryabhata I was the first 
mathematician, who gave a method to find the general solution in 
Positive integers of the simple indeterminate equation by — ax = ¢ 
for integral values ofa, b, c and also indicated the way to get positive 
integral solutions of simultaneous indeterminate equations of the 
first degree like 

N =a, x; +1) = ag Xa + To = ag Xg +7, 
S =@,%, +r, 

These type of the equations were called Kuttaka by ancient 

Hindu mathematicians which has the meaning breaking or pulver 


ARYABHATA ! it 
—ü— 6—6—' — — — a — — 
ising. In fact Ary abhata I dealt with these type of equations to solve 
the problems of following nature : 

(i) to find a number (N), which when divided by a number z 
leaves remainder r, and when divided by another number q leaves 
remainder r, i. e. N=px+r,=qy +r, 


(ai) to find a number N which leaves remainders r, , r,, r, 


eae r_respectively when divided by p,, py, py, , B, respectively 
le. N = pyX1 +r] =Po Xg +r} =p X +r, 
E = D. X, T 7. 


Aryabhata I contributed remarkably in the area of trigonometry, 
which is named as Jyotpattiganita in Hindu astronomy. The ancient 
Hindu astronomers generally used three trignometric functions i. e. 
Jya(sine), Kotijya (cosine), and Utkramajya(versine) which are 
trignometric ratios with reference to an arc of a circle. In the 


following figure arc PMO looks like bow and chord PLQ 1s chord 
jya. The half chord PL is referred as ardha-jya. Aryabhata I was 
the first mathematician who introduced the concept of half chord 
to define jya function and laid the 
foundation of modern trigonometry. His 
basics related to trignometry were 
different than the old Greek’s system. 
With this concept to half chord, jya of 
arc PM is PL; Kotijya of arc PM is OL 
and arc PM is PL; Kotijya of arc PM is 
OL and Utkrama-jya of arc PM is LM, 
which gives the value of jya @ = R sin 6, 
Kotijya 6 = R cos 9 and Utkrama — jya 8 = OM- OL = R- R cos 0 
= R(1 — cos 0) = vers sin (6) 

Aryabhata I constructed the sine table by taking the differ- 
ences between the successive R sines for arcs of every 3° 45° ie. 
225“ in a circle of radius 3438’. He expressed the rule for the con- 
struction of the sine-table in the sloka us: 


ya ula wig uta mia afa 


tia wea crite fqn vate fara 
wie fpg we ufo fad 
H VA Se ay a Hw Hee 
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According to it, the R sine differences at the intervels of 3° 45 
i.e. 225’ of arc are 225, 224, 222, 219, 215, 210, 205, 199, 191, 183 
174, 164, 154, 143, 131, 119, 106, 93, 79, 65, 51, 37, 22 and 7”, 

The sine table of Aryabhata I gives remarkably very close values 
to the exact values computed in modern notations, considering the 
radius 3438’. 


Sine table of Aryabhata I 

Angle jya Angle jya 

(8) (8) (0) 6) 
3°45’ 225 48°45’ 2585 
7 50° 449 52° 30” 2728 
11°15 671 56°15’ 2859 
15˙0˙ 890 60°0’ 2978 
18°45’ 1105 63°45’ 3084 
22°30’ 1315 67°30’ 3177 
26°15’ 1520 71°15’ 3206 
30°0’ 1719 75°00 3321 
33°45’ 1910 78°45 3372 
37°30 2093 82°30 3409 
41°15’ 2267 86°15 3431 
45°0’ 2431 90°0’ 3438 


Aryabhata I fixed the value 3438 for the radius on the basis 
his assumption that the circumfrance of a circle in angular meas- 
ure which should be equivalent to 360° or 360 x 60’ = 21600’ and 

21600 
203.1416) 
(approx). To find different values in the sine table Aryabhata | use’ 
the recursion formula which states that if the nth sine in the 1 
quence from n = 1 ton = 24 are denoted by s, and if the sum o! tik 


depending on this value radius should be equal to 3438 


=s, 1 81 — Sn his formul 
11 81 

can easily give the value of sin 7° 30’ 449, sin 11° 15’ 671. 

15° = 890 and soon. Aryabhata I also formulated the rules © 
find the value of sines of allied angles in other quadrants H’ 

90° , 180° +0 and 270° +0 as 

sin (90° + 0) = sin 90° ~ vers (sin ) = cos 0 
sin (180° + @) = sin 90° — vers sin 90° sin U = sin 0) 


first n sines is denoted by S, then ,, i 


m meee E 
sin (270° + 8) = sin 90° Vers sin 90° sin 90° 
+ Vers sin 8 = ( cos 0) 

Aryabhata I also introduced many new theorems related to dif- 
ferent geometrical figures. Though ancient Hindu mathematicians 
were aware of the properties of right angled triangled and those 
were explained in various Sulbasutras but it was Aryabhata I only 
who gave the rule to find the area of general triangle by expressing 
that : 

(A. B. Ganitapada 6) 

According to it, the measure of an area of triangle is the prod- 
uct of the perpendicular and half the base. For right angled trian- 
gle Aryabhata I expressed that 

aria WN: piira Bj pi: R: 
(A. B. Ganitapada 17) 


It explains that which is the square of bhuja and that which is 
the square of koti that is the square of the karna. 


Aryabhata I also gave the rule related to trapezium as 
ay a wed aa Ta a 
ear) Fa sae ATA 
(A. B. Ganitapada 8) 


From the rule, we can get S L R 
i= N 
PQ+SR 
MN = =. x LN 
PQ+SR 
and area of the figure 
- L 


To find the area of a circle Aryabhata I expressed that 
aggiorni aaaea gE 
(A. B. Ganitapada) 
According to it, area of circle can be found by multiplying half 
of the circumference with half of the diameter. 


He also gave the rule for calculating the heights of the arcs 
enclosing the common portion of the circles in this sloka ! 
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Teh gA GRA aq yaa 
Waar Bears Wt WER: 
(A. B. Ganitapada 18) 


5 
Y 


) On the basis of this rule 
L- 2s) s N (SR - QS)QS 
. ~ (PQ+SR)- 208 (PQ SR) - 2QS 


Kryabhata I was the first Hindu mathematician who gave the 
value of t correct to four decimal places and very appropriately 
mentioned that this value ofr 3. 1416 is asanna i. e., approximate 
value which shows that the value of is incommensurable or 
irrational. It is highly commendable exposition of Arybahata I, who 
considered the value of z as incommensurable because the same 
nature of n became known to the western mathematicians after 
thirteen centuries. To compute the value ofr Arybhata I expressed 
that 


qius We Aa Ae AAT 
STA Aen SMT GT UNE: 
(A. B. Ganitapada 10) 
According to this sloka, 
(4 + 100) 8 + 62000 = 62832 is the asanna value of the circum- 


ference of that circle whose diameter is 20000. As it is known that 
diameter of any circle is always constant, which is denoted by, 5° 


62832 416 
20000 =i 


Aryabhata I also dealt with the problems related to gnomon 
and its shadow. He expressed that 


aera Al SA We Bl: a g |! 
(A. B. Ganitapada 15) 
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In this sloka Aryabhata I gave the P 
rule to find the following values from the 
figure. 
PQ = the lamp post R 
RS = the gnomon 
ST = the shadow of the gnomon 
QS x SR s 
T= PQ-RS Q S 


In other sloka Aryabhata I explained that 
wi RA WM ee; e Wars 
(A. B. Ganitapada 16) 
PQ = the lamp post 
RS, LM = the gnomon in its two positions 
SN, MO = the shadows respectively 


then, k 
V. NOXSN 
a MO-SN ’ 
NO x MO i 
O- 
Q MO - SN 1 
QN x RS O 
—— — Q 8 N M 
PQ SN 


Itis noteworthy to mention here that Aryabhata I was the first 
Hindu astronomer who made it clear that the earth and other plan- 
ets are not self luminous and they receive and reflect the sun’s 
light. The earth, and the plants are dark due to their own shadows 
and they become bright because of facing the sun in other halves. 
He enunciated his own theory about the rising and setting of the 
Sun, the moon and other heavenly bodies by explaining that it is 
due to the relative motion of the carth, which also causes because 


of the rotation of the earth about its own axis. He expressed this in 
the sloka - 


Mae: N ear NN 
STC MP aa AT ETA, 
(A.B. Golapada 9) 
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According to it, as a man sitting in the boat moving forwar, 
sves the stationary objects moving backward, similarly, stationar, 
stars move exactly towards the west. 


Aryabhata I made use of Mahayuga theory which is divided in 
the ratio 4 : 3 ; 2: 1 called Kreta, Treta, Dvapara and Kali. On the 
basis of this ratio the duration of Kreta yuga is 1728000 years, 
Treta yuga is 1296000 ears, Dvapara yuga is 8, 64,000 years and 
Kaliyuga is 432000 years. Which shows that duration of Mahayuga 
is 4320000 years. For-agtronomical computations Aryabhata | 
divided: a Mahayuga inté four equal parts of equal duartion of 
1080000 years. He explained the causes of the eclipses of the sun 
and the moon correctly and he was the first astronomer who 
attempted to measure the circumference of the earth and computed 
it 24835 miles, which is only 67 miles less than the exact value r.e. 
24,902 miles. 


Em n mw hl =e Or 


E. M r po myro 
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Varahamihira was a celebrated a: fOloger, astronomer and 
mathematician, who was among the nir aN in the court of well 


not 


known Hindu king Vikramaditya of Guptaxt ‘The other 
ratnas in his court were Dhanvantari, Ksdpanaka, Sanku, 
Vetalabhatta, Amarsimha, Ghatakharpara, Kalidasa and Vararuci. 
Varahamihira was the son of Adityadasa and it is believed that he 
got rudimentary knowledge of astrology and other related areas 
from his father. Regarding the place of his birth no authentic 
information is available but we get few ideas about his lineages 
and place of birth on the basis of few references made in the 
commentaries of later period written on his works. The great 
commentator Bhattotpala considered him the incarnation of sun- 
god and stated that it was the boon of sun-god only which awakened 
the knowledge of Varahamihira. He also said that Varahamihira 
was Magadha Dvija. With these informations, some scholars are of 
the opinion that Varahamihira might have migrated to Ujjaiyini 
(Avanti) from Magadha.They explained the meaning of Maga as 
worshipper of the sun. But few other historians opined that Maga- 
Brahmins migrated to Persia from India and due to those Maga- 
Brahmins presence in that country the words like Mitra and 
Aryaman were invoked for sun-god in Persia. In Bhavisya-Purana 
also we find a sloka related to Magadha, explaining its meaning as 
“those who meditate on maga (the sun-god)”. Besides, these different 
opinions, few others believe that Varahamihira’s ancestors might 
have migrated from Sakadvipa to their native homeland and due 
to this lineage Varaha was named as Sakadvipi brahmans whose 
&otra was Mihira. Again, nothing can be said with full certainity 
about the year of Varahamihir’s birth. Some scholars have fixed 
10 year of birth around 485 A. D., whereas few others fixed it around 
a 5 AD. According to the statement of Varaha in Brahajj atakam, 
“is learnt that he was native to Kapithaka and educated by his 
ather Adityadasa during his early age. In the commentary of 


25 
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Amarajas on Brahmgupta’s Khandakhadyaka we find a reference 
regarding the year of death of Varahamihira as 
fte a USE 
auefafecarat faa: 
i.e. Varahamihira passed away in Saka 509 or 509 + 78 = 587 A.D. 
Varahamihira had revolutionized the whole process of thinking 
about various concepts of mathemetical and astronomical 
importance. He completely discarded the tradational myths related 
to the eclipses and explained the scientific cause of an eclipse. He 
told that when moon enters (covers) the sun’s disc, solar eclipse 
occurs and when moon enters the shadow of the earth, the lunar 
eclipse occurs. He was the first scholar who expounded that there 
may be definitely a force which might be keeping heavenly bodies 
stuck to the round earth. The same force now known as ‘gravity’. 
Varahamihira was a celebrated astronomer and many scholars of 
later period including Brahmgupta made references about him in 
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their works. Bhaskara II also paid great respect to Varahamihira 
in his text Siddhanta-Siromani. Varahamihira made important 
contributions in the areas of mathematics, astronomy and astrology. 
His important texts are Brihat-Samhita, Brihat Jatak, Laghujatak, 
Yoga Yatra, Vivaha Patal, Daivaigya-Ballabha, Panca-Siddhantika. 
It is believed that Varahamihira was able to predict the future 
events quite early on the basis of his astrological calculations. There 
is a popular myth about the word Varaha’ and attachment of this 
word with his name ; which is also related to his astrological 
prediction. The king Vikaramaditya once asked Varahamihira to 
predict about the life of his newly born prince. Surprisingly, enough, 
Varahamihira made the prediction that prince will have shorter 
life span and he will die at the hands of a boar (Varaha). Later on, 
one day the young prince, while playing fell on a stone which was 
shaped in the form of a boar, the injuries were so fatal that 
ultimately prince succumbed to them. The prediction of Mihira 
became true and due to this an unusual epithet was attached with 
his name “Varaha”. Since then, he was called by the name 
Varahamihira (Kyato-Varahamihiro ; wA Aff Sd). 
Varahamihir's major text related to astoronomy is Panca- 
Siddhantika. The importance of this text is two fold, firstly, it is a 
wonderful treatise on mathematical astronomy, secondly, it gives 
us informations about other older texts written by his predecessor 
Indian scholars, which are not available now. In this context, it can 
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be said that Panca Siddhantika is an astronomical text 0; 
Varahmihira, which encompasses the related and relevant works 
of other scholars as well as the works of his own. Presently, this 
text is taken into consideration as an important source to trace the 
history of Hindu astronomy upto sixth century CE. In this text 
Varahamihira summarised five siddhantas namely Paulisha 
Romaka, Vasistha, Surya and Paitamaha. He included in these 
Siddhantas the important works of earlier astronomers like 
Latadeva, Arhat, Aryabhata, Pradyumna, the Magas and the 
Yamanas. The Romaka-Siddhanta is based on the Greek epicycle 
theory of the motions of the sun and the moon. In Paitamaha 
Siddhanta the word “Paitamaha”, means grandfather, is devoted 
to Lord Brahma, who is considered the creater of this universe. In 
this Siddhanta he took references from Vedanga-Jyotisa of Lagadha. 
Varahamihira's version of Surya-Siddhanta is condsidered the best 
among the five siddhantas, which also used astronomical constants 
similar to those given by Bhaskara I and Brahmgupta in their 
commentanies and attributed to Arybhata I. In these they considered 
the start of Yuga at midnight broadly known as Ardharatrika 
system. 

The other important work of Varahamihira is Brhat-Samhita 
which cavers the topics related to Geography, Agriculture, 
Econemics, Physiogamy, Botany, Zoology, Engineering, Erotics, 
Astronomy etc. Jt is a compilation of the works done by various 
other scholars given in different texts and shastras due to which 
only it is named as Brhat-Samhital.e. great compilation. In Brhat- 
Simhita he gave elaborate comments about the lunar and scolar 
eclipses on the basis of scientific principles and denounced them 
vehemently who explained these events with deep superstitional 
bias. He made it clear that the eclipses are no way related to any 
bad omens and other unfavourable indications. In this text he also 
described four types of earthquakes and their symptoms. Phese 
earthquakes he named as Vayumandal ; Agnimandal ; lndranvandal 
and Varunamandal. The third text of Varahamilira is Brhatatka 
Which is related to astrolopy. In this text he pave different names 
for the twelve zodiac BIB I. C. Kriya, Tavuri, dituna, Karkin, Leya, 
Pathena, Juka, Kaurpya, Taukshika, Akokera, Hardorga and Ittha 
for Aries, Taurus, Gemini, Cancer, Leo, Virgo, Libra , Scorpio, 
Sagittarius, Capricornus, Aquarius and Pisces respectvely. H is alse 
believed that these names piven by Varahamihira are ol Greek 
origin, which is sufficient to understand that his text Brhaātjatka 
was upto a great extent influenced by Greek system ol knowledge 
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in the area of astrology. In Pancasiddhanta of Varahamihira we 
find beautiful place value system of numbers e.g. a 
to express the number 110, he named it by Shunyaikaika 
=* Shunya * eka * 
=0+1x10+1x107 =110 
to express number 150, he named it by Khatithi - Kha * tithj 
=0+15x10=150 

Similarly, he expressed large numbers by this system of 
numeration. To express a number like 38100, he named it by 
Khakharupashdaguna = * kha * kha + rupa * ashta * guna 

=0+0x10+1x 102 ＋8 * 103+8 x 104= 38100 

These examples make it evidently clear that even in the sixth 
century of Christian era itself Varahamihira was frequently using 
the place value system with Sanskrit numerals and making use of 
zero in that system. 

Varahamihira made very important contributions in the area 
of Jyotipatti-ganita presently known as Trigonometry. It is believed 
that he was the first Hindu mathematician who established follow- 
ing trigonometric identities like 

sin? x + cos?x =1 


* 
y 


s T à 
sin x = cos ——x | 
2 


* # 


] 
sin? x = 20 ~ cos 2x) 


x 
2 sin? 2 1 = cos X 


on 
4 sin? f | = sin? x + ver sin? x 
In Pancasiddanta he gave following formulae : 
: R 3 
Rein goe ; R sin 60° = Br 
R sin 90° = R = 120’. 


: R 
(R sin A )? = z (R -R cos 2A)? 
(R sin A)? + (R cos A)? = R2 


: yt 
jya 2 -A) = JR? — jya2A 
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R 
ya A}? = > IR- kojya 24 


(jya A)? = eae ‘a [Ro atte saan) 
2 2 
Varahamihira also devised sine tables by improving the tables 
of Aryabhata I and found more accurate values from his tables. His 
table contains the value of R sines from 3° 45’ to its 24 multiplies. 
He started his calculation first with the known values of R sin 30°, 


R sin 45°, and R sin 60° by using repeated application of the formulae 


11 2 1722 
= sin“ x ver sin x 


_ (x 1 
and sin 2) ver sin x 
2 


Varahamihira also constructed the array to find the combina- 
torial value of C.. He arranged the numbers n in a column with 
n= lat the bottom and then placed the numbers in the rows with 
r=1 atthe left hand side. After arranging these numbers in this 
way the value of C, is obtained by summing two entries i.e. the 
one directly below the (n, r) position and the other entry immedi- 
ate left to it. This array seems to be more or less similar to the 
Pascal’s triangle for finding the bionomial coefficients. Varahamihra 
also constructed pan diagonal magic squares. 


Varahamihira is known now a mathematician and astronomer 
of scientific outlook, who attacked all those myths, popular beliefs 
and superstitions, which prevailed in the name of astrology or 
astronomy. He devoted his life in finding the true causes of various 
incidents related to heavenly bodies, their movements, 
Mateorological phenomena and number of other concepts of 
astronomical importance. About him Al-Biruni rightly pointed out 
that “Varahamihira has revealed himself to us as a man who 
accurately knows the shape of the world. On the whole, his foot 


Stands firmly on the basis of truth and he cleverly speaks out the 
truth, 


J. Bhaskara I 


NN it EA ATA “3 re 
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Bhaskara I was ancient Hindu mathematician who Probably 
lived during sixth and seventh centuries after the Christian erą 
and wrote commentaries on the works of Aryabhata I. He left little 
evidences in his texts to ascertain the facts related to his birth place 
and life span. But some inferences are drawn by the scholars op 
the basis of available literature of that time and references made 
by Astronomers of later period about Bhaskara I. K.S. Shukla 
presented his views in this regard that Bhaskara I was probably 
working in a school of mathematics at Asmaka, which was situated 
in Andhra Pradesh. It seems that the mathematicians of this school 
were the followers of Aryabhata I. We also find some references in 
the texts of Bhaskara I about the places Valabhi ; the capital city of 
the Maitraka Dynasty of the seventh century A.D. and Sivrajpura; 
_ These both the places were situated in the Saurastra area of modern 
` Gujrat state. There are some other references of the places like 
Bharuch (a place in Southern Gujrat) and Thaneswar (a place in 
Eastern Punjab). Considering the references of these places also, 
some scholars are of the opininon that probably Bhaskara I was 
born in Saurastra area and later on moved to Asmaka in Andhra 
Pradesh. Bhaskara I gave the reference of Asmaka at several places 
in his texts and named the scholars of Asmaka as Asmakiyas 
Bhaskara I wrote three mathematical texts viz Maha-Bhaskariya™ 


Aryabhatiya Vyakhya and Laghu-Bhaskariyam, which E 
net 


q the 
thes" 
Jur? 


Bhask’ 
gan! 


— 


I on Aryabhatiya is divided into two sections namely Ras! 
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ARAHMIHIRA 


V. 


— . — 


(mathematics of numbers) and Ksetraganita (m@thiteeekies af 
figures). He included the topics like proportion and kuttaka 
(indeterminate analyasis) in Rasiganita whereas the topics like 
series, Shadow problems etc. in Ksetraganita. Bhaskara I also 
quoted three Prakrtgathas in his commentary and mentioned the 
names of four Jaina mathematicians Maskari, Purana, Mudgals 
and Putana also in it. g 


Bhaskara I gave full description of decimal arithmetic in his 
commentary on Aryabhatiya. It is believed that the earliest record 
of the use of place value system belongs to sixth centry A.D: and 
Bhaskara I also used this concept to represent. any number by using 
letter numerals. He also gave the name kha for zero and used zero 
to denote the notational places. He used the numbers in word 
symbols and figures. He followed the nine basic numerals of decimal 
place value system. We express below few numbers in word symbols 
and their conversion into nine basic numerals : 


First number : 432 00 00 
Word symbol for this number is : 
Viyad . ambara, akasha, sunya, yama, rama, veda, 
where, viyad > sky = 0 
ambara — atmosphere > 0 
akasha —> ether > 0 
skunya — void — 0 
yama > primordial > 2 
rama — Rama 3 
veda > veda > 4 
It can be expressed in figures as 
00 00 234 
or 0+0x104+0x 10240 x 103 ＋ * 10 3 * 10°+4x 10° 
= 432 00 00 
Second number: 1986123730 
Word symbol for this number is: 
kha. agny . adri . rama. arka . rasa. vasu. randhra . indavah 
Where, kha > space > 0 
agny — fire > 3 
adri > mountains — 7 
rama — Rama > 3 
arka — Sun — 12 
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rasa — Senses — 6 
vasu Y Vasu > 8 
randhra — Orifics > 9 
indavah > moon -> 1 
It can be expressed in figures as 
o 3 Jens 12 6 8 F 1 
or. 0+2x1047 x 102 +3 x 10° 12 x 10*+6 x 108 
l +8x107+9 x 108 + 1 * 109 
= 1986123730 
Bhaskara I in his commentaries covered the topics related to 
astronomy like longitudes of the planets, lunar crescent eclipses of 
the sun and the moon etc. He found the approximate value of sine 
function by using rational fractions as 


16A(n -A) 
51 — 4A(n— A) 
where angle A is measured in radian and from this formula the 
values for different angles can also be obtained like 


sin A= 


f 
sin 


=| = 0.70558 : 
4, 


a 


7 — 336365 


—.ͤ9.c&nnßL?/ „46 


These values are correct upto two places of decimals. But when 
this angle A is measured in degrees the same formula takes another 
form as, 

4R (180° A)A 
[40500 - (180° — A)A] d 

Bhaskara I also established the trignometric identities to fin 
the value of sine function, when the measure to given angle is 
greater than 90° as 

R sin (90° + 6) = R sin 90° R ver sin 6 
R sin (180° + 0) = R sin 90° ~ R ver sin (90°) — R sin 90° 
=—Rsin@ 


Rsin A= 


and so on. 
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Bhaskara I also covered the topics related to algebra like 
solution of linear equations, quadratic equations, cubic equation: 
and equations with more than one variable. It is considered that 
his commentary on Aryabhatiya is the first treatise of mathematics 
where we find the geometrical treatment of different algebraic 
expressions, formulae and series. He explained the method to fina 
the solution in positive integers for the indeterminate equations oi 
the first degree like by -ax = -c and by —ax = — 1. Bhaskara I alsc 
gave the solutions of the problems in which three or more functions 
either linear or quadratic of the given variables to be made squares 
or cubes. In his text Laghu-Bhaskariya we find a problem of this 
type i. e. find two numbers x and y such that the expressions x + y, 
x - + l all are perfect squares”. Bhaskara I also solved problems 
related to geometry. He beautifully formulated the area of triangle 
where altitude is not known and found the area in the form of square 
root of the product of s, (s — a) (s — b) and (s — c), taking s as 
semiperimeter anda, b andc the sides of given triangle. To obtain 
this fermula he expressed altitude of triangle in terms of the sides 
and segments of base calling them as abadha and abadhantara) 
and thereafter substituting these values in the formula given by 


1 
Aryabhata I i.e. area of triangle = 5 * base x altitude. 


Now we give two famous problems of Bhaskara I, generally 
known as Hawk-Rat problem and Crane-Fish problem. 


(1) Hawk-Rat problem. A hawk is sitting on a pole whose 
height is 18 cubits. A rate which had gone out of its dwelling, at the 
foot of the pole, to a distance of 
81 cubits, while returning to its 
dwelling is killed by the cruel ne, 
hawk on the way. Say, how far 
has it gone towards the hole and 
also the horizontal motion (the p R (Rat) 


Speeds of the rat and hawk being 
the same) 


(Tr. by Dr. S.B. Rao) 
Let hawk be at S and dwell- 
ing be at Q. Rat follows the path 


QOR and hawk the path SO. Since the speeds of rate and hawk are 
Same, so SO = OR 


T 
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Now, from the figure 
SQ. QT = PQ. QR 
= SQ? = 81PQ 
at PQ = 18 x 
Again, from the figure 
QO = AR RO 
QR PO 
= QR (PQ + QO) 


1 
or QO = 3(QR- PQ) = = (81-4) 


= 4 cubits 


1 : 
= 385 cubit 
Similarly, we get 


OR = (QR + PQ) = 50350 = 425 cubits, 


(ii) Crane-Fish Problem. There is a reservoir of water of 
dimensions 6 x 12. At the north-east corner of the reservoir there 
is a fish, and at the north-west corner there is a curve. For the fear 
of the crane the fish, crossing the reservoir hurriedly went towards 
the south in an oblique direction but was killed by the crane who 
came along the sides of the reservoir. Give out the distances 


travelled by them. (assuming that their speeds are same) 


(Tr. by Dr. S.B. Rao) 


North 


C (Crane) B (Fish) 


West 


In above figure ABCD is reservoir of rectangular shape 
fish is at B (north-east corner) and crane is at C (north-west core. 
Fish swims through BO towards south and reaches at O. at 4 
same time interval crane briskly moves through CD and a 
reach at the point O to attack the fish. Since the speeds of the © 1 
and fish are same, no fish and crane travel equal distances ™ 


The 
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same interval of time, which give 
BO = CD + DO 
Now extend OD upto point P such that OP = OB, and from the 
figure 


AP = AD + DP 

but CD+DO=OB and OB=OP 
80, CDT DO = OP and CD = OP -DỌ = PD 
and AP =AD+CD=12+6=18 

Again extend PA to Q, from which we get 

QA . AP = AB? 
AB? 36 

and QA = P e 

Further, QP=QA+AP=2+18=20 
and OP = OB = 10. 


It shows that crane and fish both travel distance of 10 units 
each. 


Bhaskara I was also familiar with the proposition that ifp is a 
prime number then 1 + (p —1) ! is divisible by p and also gave the 
solution to the problems like “what should be value of x, whose 
square multiplied by 8 and then added to 1, again is a square”. In 
modern notation this equation can be expressed as 8x? + 1 =y? and 
its solutions are x = 1, y = 3 ; x = 6, y = 17 etc. 


Brahmagupta was the most prominent mathematician of 
seventh century A.D., who belonged to Ujjain school and lived 
during the period of Srivyaghramukha, the greatest king of Capa 
dynasty. His father was Jishnugupta and he was resident of 
Bhinamala, a place situated in the South Marwar area of Gujarat, 
Bhinamala was also the capital of North Gujarat during seventh 
century and due to his nativity with it, one of his commentators, 
Varuna referred him as Bhinamalakacarya. Brahmgupta stated 
that he authored his celebrated text Brahma—Sphuta—Siddhanta 
in Saka year 550 i.e. 628 C.E., when he was thirty years old, which 
made it clear that this great mathematician and astronomer born 
in 598 C.E. It is described by him in following sloka : 


Aaa tas st Saye To weg 
eee Ma: Vad 7 l 
We: peaga: Feira we aÀ 
frei Fal Aoa aT 1 8 l 


“aera, qaepetrera I 

The important texts written by Brahmagupta are Brahma- 
Sphuta-Siddhanta and Khandakhadyaka. Though it is also believe“ 
by some scholars that he authored few more slokas under tit 
Dhyanagraha, which were not included in these two texts but thes? 
slokas could not be traced even till this time. Brahma-Sphu!* 
Siddhanta contains 1008 verses spread into 24 chapters. The first 
ten chapters of this text cover same topics which were also given 5 
other Siddhantas. The rest of 14 chapters are devoted to thot 
important topics which were not covered in other Siddhantas. Tht 
twelfth chapter of this text covers topics related to arithmet!” 
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twelfth chapter of this text covers topics related to arithmeti 
mensuration etc, which are expressed in fity six verses. Th 
eighteenth chapter deals with algebra, which Brahmagupta denote 
by the name Kuttaka and contains 102 verses. It is interesting t 
note that Brahmagupta was the first Hindu mathematician, wh 
treated arithmetic and algebra as two seperate branches 
mathematics. He expressed his own rules on these topics an 
compared them with the rules given by his predecessors. Due t 
such speciality, his texts are of high historical importance to ge 
authentic informations about the conceptual development of variou 
topics upto his time and contributions made by othe 
mathemeticians and astronomers till that time. In Ganitadhyay: 
we find rules related to cyclic triangles and quadrilaterals, rule 
for arithmatical operations involving zero and negative number 
etc. The Kuttakadhyaya presents the solutions of the indeterminat 
equations of first and second degree. His second tex 
“Khandakhadyaka,” which literally means a particular type of swee 
prepared by sugarcane, covers the topics like the longitudes of th 
planets, the three problems of diurnal rotation, solar and luna 
eclipses, conjunctions of the planets and the moons crescent etc. I. 
chapter IX of this text he gave a method to find the sines c 
intermediate angles from given sine table. He used the interpolatioi 
formula to compute values of sines, which is a particular case upt 
second order of Newton-Stirling interpolation formula. 


Khandakhadyaka is divided into two parts Proper and Uttara 
where proper part consists of 194 verses and uttara part consists c 
71 verses. It seems that Brahmagupta authored Khandakhadyak: 
in 665 A.D. In the beginning of this text he described that “I compil: 
the work Khandakhadyaka, which gives results to those given b: 
the great scholar Aryabhata. Since it is impossible to carry on ever: 
day affairs with Aryabhata’s work, this work is being compiled si 
aß to give easily, equally accurate results relating to matters liki 
birth, marriage and the like”. (Tr. by S. Balachandra Rao 

šrahrmagupta adopted place value system using the mine 
numerals and zeros along with the Sanskrit numerical symbols 
He described twenty logistics and eight determinants in Patiganita 
Prthudakasvarni, one of the commentators of Brahma Sphuta 
Siddhanta classified these logistics and determinants as logistics 
1. Samkalita (Addition) 2. Vyavakalita (Subtraction) 3, Gunani 
(Multiplication) 4. Bhapahara (Division) 5. Varga (Square, 
6. Vargamula (Square root) 7. Ghana (Cube) 8. Ghanamula (Cube 
root) 9-13. Panca-jati (the five rules related to five standard forms 
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of fractions) 14. Trairasika (The Rule of Three), 15. Vyasta 
Trairasika (Inverse Rule of Three), 16. Pancarasika (The Rule of 
Five) 17. Saptarasika (The Rule of Seven) 18. Navarasika (The Rule 
of Nine) 19. Ekadasarasika (The Rule of Eleven). 20. Bhanda- 
Pratibhanda (Barter and Exchange)] ; Determinants, II. Misraka 
(Mixture) 2. Sredhi (series) 3. Ksetra (plane figures) 4. Khata 
(Excavation), 5. Citi (stock) 6. Krakacika (Saw) 7.Rasi (Mound) 8. 
Chaya (shadow)]. 

Brahmagupta described four methods of multiplication namely, 
Gomutrika, Khanda, Bheda and Ista. He also expiained the methods 
to find division, square, square root, cube, cuberoot etc. He followed 
the identityx? = (x + a) (x —a) + a? ; to get the value of square of any 
given number. He considered only five kinds of fractions i.e. jatis 
namely Bhaga, Prabhaga, Bhaganubandha, Bhagapavaha and 
Bhaga-Bhaga and presented the rules for applying various 
operations on them under the title Bhagajati. He also explained 
the rule of three, inverse rule of three etc. Brahmagupta was the 
first Hindu mathematician, who devised the rules for operation of 
zero with other numbers. He gave arithmatic rules considering 
fortunes (positive number) and debts (negative number) as follows: 

(i) a debt minus zero is a debt 
i.e. (-a)-0 = (-a) 
(it) a fortune minus zero is a fortune 


t. e. a-O=a 
(iit) zero minus zero is a zero. 
i. e. 0 — 03 0 


(iv) a debt subtracted from zero is a fortune 
1. e. O- (-d) = 
v) a fortune subtracted from zero is a debt 
Le. O-~a=(~a) 
(vi) the product of zero multiplied by a debt or fortune is zero 
ie ax0=0; (-a)x0=0 
(vii) the product of zero multiplied by zero is zero 
Le, 0x0=0 
He further stated that zero divided by zero is nought i.e. 0+0 
= 0 ; positive or negative divided by cipher is taccheda. The first part 
of this statement is not true but second part i.e. a + 0 = taccheda, 15 


correct because here the meaning of taccheda is kha-ccheda, which 
is infinite. 
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Kuttaka-Ganita, where Kuttaka means pulveriser. He expressed 
higher powers than the fourth of any unknown quantity or avyakta 
by using the term ‘gata’e.g. the fifth power as pancagata, the sixth 
power as sadgata, similarly, the term for any power by adding the 
name of number indicating the power with gata. Interestingly 
enough, he used Varna to symbolise unknowns as Kalaka(black), 
nilaka (blue), pitaka (yellow) and haritaka (green) and to simplify 
the representation of these varnas, he only used the first letter of 
these varnas like k, n, p, h... It seems that algebra of syncopated 
where addition was shown by juxtaposition, subtraction by putting 
dot over the subtrahend, division by placing the divisor below the 
dividend, the operations of multiplication and evolution as well as 
unknown quantities were denoted in abbreviated form by using 
proper words. He explicitly described the laws of signs, as men- 
tioned below : 

i) the sum of two positive numbers is positive; of two nega- 
tive numbers is negative ; of a positive and a negative 
number is their difference 

(iz) from the greater should be subtracted the smaller; the 
final result is positive ; if positive from positive and nega- 
tive, if negative from negative 

(iii) the product of a positive and a negative is negative, of 
two negatives, is positive, positive multiplied by positive 
is positive 

(iv) positive divided by positive or negative divided by negative 
becomes positive ; but positive divided by negative is 
negative and negative divided by positive remains 
negative 

(v) the square of a positive or a negative number ts positive 
.. The (sign of the) root is same as was that from which 
the square was derived 

(vi) the product of two like unknowns is a square ; the prod- 
uct of three or more like unknowns is a power of that 
designation (i to vi translated by Datta & Singh) 

Brahmagupta classified equations as equations in one unknown 
(eka — varna samikarana) ; equations in several unknowns (aneka 
~ Varna samikarana) ; equations involving products of unknowns 
(bhavita). These equations were further classified in linear and 
quadratic equations involving one, two or several unknowns. To 
Solve linear equations in one unknown he clarified the rule that 

he value of the unknown should be the quotient of the difference 
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the value of the unknown should be the quotient of the difference 
of known terms taken in reverse order with the difference of the 
coefficients of the unknown. For linear equations with two 
unknowns he stated that the sum is to be increased and decreased 
by the difference and divided by two. He also gave rule for solving 
linear equations in several unknowns e. g. for the equation 


Intex, = d EX cð = Ay; ee Tx & cx, a, 
e 
nic 
1 ai Ta 
und x, =| ta F| ——— 
c L nice 


a1 tagt. d, 
nic i 


1 a 
E ` 


and so on. 
He gave two specific rules for solving the quadratic equation of 
the form ax? + bx =c¢ ; as 
a) 4ac+b* = 
2a 


(i) x = 


1 b’ , 
(n) x ae +| | - l 
2 a 
It seems that the Brahmagupta was aware about the existence 
of two roots of quadratic equation. He also gave solutions for simul- 
taneous quadratic equations. 


Brahmagupta dealt with indeterminate equations of first and 
second degree of the forms by -ax =+ c or by +ax =+c and Nx? + 1 
=y? or Nx* 4c = y?. He also gave solutions to solve simultaneous 
indeterminate equations of the first degree i.e. N =a, x, TI d 
Hro =Q% +17,.....=a,x, T 7, He was the first mathematician, who 
gave solutions in rational integers of Varga-Prakrti type of equa: 
tions i.e. indeterminate equations of second degree as Nx? +c =Y 
or Nx? t 1 =y. The equation Nx? + 1 =y? is wrongly named as Pell’ 
equation (1668 C.E.) by Western Historians because it was solve 
even nine centuries before by Brahmagupta and Brahmagup™® 
rightly deserves to get the credit for the same. This type of 11 
tions were called by Hindu mathematicians as Varga-Prakriti, weg 
Varga means square and refer to x? in the equation Nx? + 1-2" 


„ „ 2 ses = 


and Prakriti refers to coefficient N. Brahmagupta gave the word 
gunaka for the coefficient N. He established two lemmas in order 
to get the solution of the equation of form Nx? + 1 = y? which are 
given below. 


Brahmagupta’s Lemmas : Suppose x = / and y = m, are 
solutions of the equation Nx? + p = y? and x = lz and y= m, are 
solutions of the equation Nx? + p, = y?, then according to 
Brahmagupta x=/,m,+1,m,andy=m,m,+N 11 is solution of 
the equation Nx? + pp, = Y, which shows that if Ni? ip = 
mi? and NI,?+p,=m,? then, 

NG m, + lam + pp, = (m,m, NI II)? particularly if J, = 1, ; 
Mm, = My and p = p, then Brahmagupta finds another solution x = 
Aim: y = m? + NL? of the equation Nx? + p = y?, from known 
solution x = 1, and y = mi. It can also be explained in other words 
as, 
if NI? + p =m,’, then 

N(21,m,)? +p = (m, + N1,?)?? 

It is highly interesting that these lemmas of Brahmagupta were 
rediscovered by Euler in 1764 C.E. and by Lagrange in 1768 C.E. 
almost eleven centuries after the period of Brahmagupta. 
Brahmagupta named these lemmas as Bhavana and classified them 
according to the operations addition and subtraction with the names 
Samasa Bhavana and Antara Bhavana respectively. Further, if 
composition is done with equal sets of roots then called as Tulya 
Bhavana and if composition is with unequal sets of roots then called 
as Atulya Bhavana. According to the Brahmaguptas lemmas, if 
Cy mp and (I, me) are two solutions of the equation Nx? + 1 = 3°, 
then x = lim, + lam, y = mymy + NI, l, are two other solutions. 
Further by applying particular result i. e. if Ci, mi) is a solution of 
Nx? + 1 = y?, then another solution is (211 m m,? NI?) and con- 
tinuing this process repeatedly, the infinitely many solutions of 
this equation can be obtained. Brahmagupta further stated that if 


I 
, m) be the solution of equation Nx? + p? = y?, then x = 7 andy = 


m 

7 should be the solution for the equation Nx? + 1 =. This result 

Was also explained in slightly different manner for the equation of 
Y 

the form Nx2 + p*k = y? ; because if we put here, u = = and v = 5 


then the equation Nx? + p?k = y2, get reduced to another form 
Nw? tk = ve, which shows that the roots of the original equation 
are p times of the newly formed equation. By applying this result 
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the solutions of the equations like 6x? + 12 = y? ; 6x? + 75 = y2 and 
6x? + 300 = y? can be obtained from the equation 6x? + 3 = y2 
because 12 = 4.3 = 22.3 ; 75 = 25.3 = 52. 3 ; 300 = 100 . 3 = 102 3 i 

Brahmagupta also made it clear that for the equation Nx? +p = =y? 
an integral solution can always be obtained if p = + lor+2ors4 
which may further generate infinitely many solutions by repeateg 
application of Samasa Bhavana. He also gave rational solution for 
Varga-Prakarti Nx? + 1 = . By choosing conveniently P and P,, 
if (l, m) and (i, m are sets of solutions of Nx? + P =y? and Nx? + P 5 
then N(im, + 1, my + PP, = (mm, + NUY 


Thus, 
2 2 
N lm, tlm 12| mm T Nih) 
VPP; JPP: } 


here, if PP, is perfect square, then 


lm, AA um mm, + Nil, 
~~ R == IPP 


are rational ieee of Nx? + 1 = y?. If PP, is not prefect square 
then Nx? + P, =y? is to be replaced by Nx? + P =y?, In particular, if 


P = P, then roots become E Im and 4 1 | 
5 ; 7 


Brahmagupta also presented solutions for following type of 
equations: 


(i) Nx? +c =y? 

If (k, “) be any rational solution and (m, n) be a solution of equa- 
tion Nx? + 1 =y? then by applying the Samasa, x = kn + Im, y =” 
+ Nkm is a solution of given equation and by repeated application 
of this process, infinitely many solutions can be obtained. 

(ii) Mn?x? + c = y? 


Put nx = z, then given equation is transformed to Mz? + ¢=3" 
eee fz 
and if (z, y) is rational solution of this equation, then 5 y| should 
1 7 
be rational solution of the equation Mn2x? + ¢ = y? 
(iii) q + ¢ =y? 
Put it in the form y? - & A 
or (y + ax) (y — aux) = 
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Let y ax = p, 80 * a = 2 as, 
fre % 
2a * P j 


j ` 


and y= al? ie p| are rational solutions of given equation, where 
P 


p is any rational number. 
We give here some of the examples related to indeterminate 
quadratic equations which were solved by Brahmagupta. 
(i) For the equation 8x? + 1 = y?, he gave the solutions 
(x, y) = (1, 3); (6, 17); (35, 99) ; (204, 577) , (1189, 3363) ...... 
(ii) For the equation 11x? + 1 = y?, he gave the solutions 


(x, y) = (3, 10), fae ey 


How interesting it is, that the smallest values for the solutions 
of 61 + 1 5, he found as x = 226153980 ; y = 1766319049. 

Brahmagupta also gave solutions of the square pulverisers of 
the form bx + ¢ = y? and solved the simultaneous indeterminate 
quadratic equation of the typex+p =y? andx+q =, for which he 
gave the solution as 


_ {lf p-9 | 5 
* 12 = tm |} + Dp 
. TF- 
or 20 2-25 m)| + p. 
20 m J 


He also gave rule for the particular case of this type of equations 


CCP | “| ord . +p 

2 m 

Brahmagupta’s contribution in the field of geometry is remark- 

able. He presented many new theorems related to various plane 

figures. To find the circumradius of a triangle he explained the 
rule in this sloka as 


a A eee E: 


a fopn Faqs apga aer: 
(Br. Sp. Sid. XII 27) 
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Ifr is cireumradius of the triangle E 


PQ. PR 
PQR, then r = 255 
where, PS is altitude of triangle. 
This result can also be proved by Q R 
drawing PT diameter and completing 
the triangle PQT. Then triangles PQT 


and PSR will be similar, which shows T 
that 
PQ_ PT = PQ.PR 
PS PR r PT PS 
but PT is diameter, so 
PQ.PR PQ.PR 
PT =2r = PS or r= 255 


Brahmagupta also gave rules to construct different type of 
triangles e.g. for right triangle he stated that if I, m are any two 
rational numbers then the sides of right triangle should be 


777 y 2 
1 2055 -m |, 1 (£ 4 „ | Brahmagupta was the first mathe- 
2 m 2m | 
matician who gave solution for the equation x? + y? = z? in integers 
as 1? — m?, 2lm, I? + m?, for any two unequal integers. Further, to 
find all rational isosceles triangles having the same altitude, he 
gave the values of the sides and bases of all such rational isosceles 


f 2 À 2 f 2 8 X 
triangles as 15 + j ; 2 a + r) and ka where h is altitude 


and / any rational number. Similarly, to find the sides of any rational 


2 2 
scalene triangle he gave the value of sides as qa 4 m : yE + r| 
m n 


< ` 712 * 
i ne i: m| K 7 - z n| | for any rational numbers I, m, and n. It 
is also interesting to note that Brahmagupta presented the solutions 
of the rational scalene triangle by juxtaposing two rational right 
triangles with common leg. This method was discovered in Europe 
by Bachet (1621 C.E.) almost after one thousand years. 
Brahmagupta classified quadrilaterals into five forms namely 
sama—caturasara (square), ayata—caturasara (rectangle), 
dvisama—caturasara (isosceles trapezium), trisama—caturasara 
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(trapezium with three equal sides) and visama—caturasara 
(quadrilatedral of unequal sides). Brahmgupta enunciated several 
rules related to quadrilateral, some of them are given below : 
(ù aaa Ys yaa: Ve we: 
(Br. Sp. Si XII 23) 
According to the commentator 

of Brahmagupta’s texts, the mean- D c C 
ing of avisama in this vevse in- 
cludes the square, the rectangle 
and the trapezium. So, if,a, b,c and 
d are the sides of any isosceles tra- 
pezium and } the length of diago- , 


nal then 

l= Jdc A bd 
ifb =d, then l= Jac +b? 

2 
+ 
and i= 112 (=) 
(iz) To find the circumradius of an isosceles trapezium he 

expressed that 


SIS TAT: Suff fea NA: NU. 
(Br. Sp. Si XII 26) D C 


According to this sloka, — 


circumradi . 
umradius 
2DE 
fiit) To find the area of quadri- A E = B 
lateral, Brahmagupta, beautifully 
expressed the rule in this sloka 
Ra Fraga manatee A gA q: 
Maps A We ge 


(Br. Sp. Si. XII 21) 


According to this sloka, if a, b, c and d are sides of a quadrilat- 


eral then its area should he 


A= Jf(s—a)(s—b)(s—c) (@—d) 


wW = * . r - „ 
here s. 1S Semiperimeter and equal to 1 (a+b +c +d). This is a 
2 
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remarkable result of Brahmagupta, which generalises the result.» 
Heron, but this formula is applicable only for cyclic quadrilateral, 


(iv) Brahmagupta described the rule to find the diagonals ofa 
cyclic quadrilateral in this sloka 


a aA: p R AI 


(Br. Sp. Si XII 28) 
From this rule, for any cyclic quadrilateral of sides a, b, c andg 
and diagonals / and m, the values of / and m are 


fab rcd) (ac + bd) (ad + bc) (ac + bd) 
122 _—__—_— md M 
\ ad +be (ab cd 


This result is now known as Brahmagupta’s theorem, which 
was rediscovered in Europe by Snell in 1619 C.E. 


(v) Brahmagupta expressed the rule to find the circumradius 
of a visamaquadrilateral in this verse as half the square root of the 
sum of the squares of opposite sides. 

ma fees ayaa paa 
(Br. Sp. Si. XII 26) 


(vi) The rule for the construction of rational cyclic quadrilat- 

eral is given by him in this sloka as 

Wage: THT: raaa 
Saye sl mea ware 
(Br. Sp. Si. XII 38 
According to this sloka, if (I, m, n) 
and (p, q, r) are two sets of sides of 
right angled triangled such that 
124+ m? = n? and p? + Q? = r?, then 
construct two triangles with sides 
(ip, Iq, lr) and (pl, pm, pn) respectively, 
on the other sides construct the 
triangles with sides (mp, mq, mr) and 
(ql, gm, qn) respectively. These four 
triangles are shown in the adjacent 
figure, which form a quadrilateral 
with sides ng, lr, np and mr in order with its diagonals at righ! 
angles. 

(vii) Brahmagupta also expressed the rule related to all ther“ 
quadrilaterals which can be inscribed within circle and whose sid" 
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1406 agonals, areas, circumdiameters, segments, perpendiculars all 
expressible in integers. Such quadrilaterals are generally known 
as Brahmagupta quadrilateral. If sides of two right triangles are 
given byp* - 2, 2pq, p? +q? andr? 52, 2rs, r2 + s2? then the sides of 
Brahmagupta quadrilateral are 

(p? = q?) (r2 + s2) ; (r? Se 82) (p? $ q?) d 

2pq (r? +s?) and 2rs(p? +q?) 

Brahmagupta also solved problems related to mensuration. He 
gave correct formula to find the volume of a pyramid in this sloka 
as 

gara SI Arana gate: Ne: 
Fert 7S Varah ay: 
(Br. Sp. Sid. XII 44) 

From this sloka, 


Volume of a prism on the same base 
3 
He also gave formula for the volume of a frustum first time as 


the volume of a pyramid = 


= 5 (x? +y? + xy); wherex andy are the sides of the base and the 


face and h is the height. He explained the methods to calculate the 
time of the day from shadow measurements. In the chapter 
“Sankucchaya dijnanadhaya” dealing with the gnomon, shadow etc. 
He presented some interesting methods to determine the height 
and distance of objects by seeing their reflections in water. One of 
such methods is expressed in this sloka 

gag irda penig. fd: 

Tera AAA : 

(Br. Sp. Si. XIX 19) 
In figure, PQ is the house, p 

C.D, and C,D, two positions of 
the observer and R,, R, two 
Positions of reflections, then C, 8 


DR —D,R, 


QR, = DR, x RyRy 
DR, DR. 
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Brahmagupta also studied the topics related to trignometry, 
which he called as Jyotipattiganita i.e. the science of the calcula. 
tion for the construction of sine. To find the values of R sine and R 
cosine of an arc, he gave the rule that these can be obtained from 
odd quadrants from the arc passed over and to be passed over. He 
formulated several trigonometric identities out of which few are 
listed below : 

R- utjya 6 = jya (90 — 6) 
R- utjya (90 - 0) = jya (0) 


VR - (jay 0)? =jya (90 - 8) 
JR? - bya (90 - 0)? =jya 0 


R + jya (6 — 90) = ut jya 8 
R(180 - 6) 6 


jya8 = „5 T 
10125 — (180 - 6) 40 


He also gave inverse formula to find the arc approximately from 


` 


10125 m 
(m/4 +r) 


To find the radius of a circle circumscribed about a triangle 


Brahmagupta presented a correct trignometric result equivalent 
to 


corresponding R sine function as 8 = 90 — 8100 -- | 


7) ee N E. 
sin A sinB sin C 
Brahmagupta applied the trigonometric identies 
(i) sin ($) = sin? Ə + ver sin? 0 
TOS OU 20 
(ii) sin 90 2 1 -—sin2 | = | 
2 4 * 2 7 


to construct sine table. He called R sin n@ as the nth R sine, for 
which successive values can be obtained from following : 
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8 2 16 12 
4 20 6. 18 
2 22 10 14 3 21 9 15 


| 23 11 133 5 19 7 17 


He constructed R sine-tables by taking radius 327° and angle 
interval 3°45’ for one table and radius 150 and angle intervel 15° 
for other. 

Brahmagupta was the first mathematician who gave the second 
difference interpolation for calculation of R sine of any intermediate 
angle at equal interval of 15° of the arc as shown in following table : 


Are jya First Second 
Indian sine) Difference Difference 
0° 0 
39 
15° 39 — 3 
36 
30° 75 -5 
31 
45° 106 -7 
24 
60° 130 -9 
15 
75° 145 
5 —10 
90° 150 


To get interpolated values he expressed that “multiply half the 
difference of the gatakhanda (tabular difference to be passed over) 
by the residual arc and divide by 900 minutes. The result is to be 
added to or subtracted from half the sum of the same tabular dif- 
ferences according as this (semi sum) is less or greater than the 
bhogyakhanda, the final result is the true functional difference to 
be passed over”. (Tr. by A.K. Bag) 
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which means, 
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2-26 1p 2 5 s ) 


55 ip, S By 7 and 


Nu +Q)= faye . -P 


By putting a=nh, weet 


° Ea à s 2 2 
Ru + nh) =f) vÉ Wu A + Afu)] + 70 [Aflu) — AN u- h)} 


2 
= flu) + © [Afu — h) + Afu) + 5 A? Ru - N 


This rule of Brahmagupta is equivalent to the formula given by 
Newton and Stirling upto the second difference term, which was 
given by Brahmagupta almost one thousand years before the time 
it became known in Europe. 

It is appropriate to mention here that the first two texts of Hindu 
mathematicians which were translated by Arabs were Brahma- 
sphuta-Siddhanta and Khandakhadyaka which they named as Sind 
Hind and Al-Arkand and through these texts only the treasure of 
mathematics discovered by Hindu mathematicians upto that time 
travelled different parts of Arab countries and thereafter made 
inroads to Europs and finally became known all over the world. 
Considering the valuable countribution of Brahmagupta Prof. 
Sachau expressed that “Brahmagupta occupies an important place 
in the history of oriental culture. Brahmagupta taught astronomy 
to the Arabs before they came to know of Ptolemy’s works, since, 
references to the works, Sindhind and Al-Arkand frequently occur 
in Arabic literature ; these are the translations of Brahmagupta’ 5 
works Brahma- Sphüta- Siddhanta and Khandakhadyaka 
Bhaskaracharya II also had deep admiration for Brahmagupta and 
conferred him with the title “Ganaka-Cakra-Chudamani” i.e. the 

jewel in the galaxy of mathematicians. 


Virasena was a jaina scholar and \méthematician /of eighth 


century. He was contemporary of tHe Rast uta king 
Jagatungadeva. He wrote the Dhavala Tika uu unte oavxnandaagma, 
which is considered a commentary on Jaina mathematics. Some 
Scholars are also of the opinion that mathematics contained in 
Dhavala Tika of Virasena is three-four centuries olders than his 
time. It seems that ancient Jaina mathematicians were familiar 
with the concept that there is a fixed ratio between circumference 
of any circle and its diameter. These scholars fixed different values 


for this ratio z.e. 3, J10 etc. and considered these values more or 
less as approximations. Virasena gave a better value for this fixed 
ratio of circumference and diameter. He stated that : 
eae Bie genia aAA, JEAN, 
(Satkhandgama Vol. IV p.42) 
This sloka gives the better value for the circumference of any 
circle by expressing that if diameter of any circle multiplied by 16, 
added with 16 and divided by 113 and further added with thrice 
the diameter, then the most exact value of circumference of circle 


can be obtained. Here, if circumference is denoted by C and diameter 
by d, then 


16d + 16 
V 
„ 
From this expression if constant term 16 is taken away, then 
A 16d aoe 
value of C should be equal to J +34 = 113 n 
ile 
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The value of this fixed ratio, which is denoted by 7 is equal to 


( 355 
(Sae = -355 _ 3 1415929 .. 
\ d d 113 

which is considered better approximation of n. 

In the works of ancient Jaina scholars we find some references 
related to volumes and surface areas of solid figures. Virasena also 
dealt with geometry of various plans and solid figures and| 
propounded the formulae to get the area, volume surface area and 
other related and relevant parameters of plane and solid geometrical | 
figures. Virasena gave a beautiful geometrical demonstration of 
Karangathas, in which atoms or shots or very minute entities were 
arranged in the form of trapezoidal solid figure. He explained the | 
rule to find the volume of such Karanagatha, i. e. trapezoidal solid 
in this verse as 


mmaa- aS TOTS aN 

TTS Wha Seas AN | 
(Satkhandgama, part IV, p.20) | 

According to this verse the volume of this solid figure should be 


equal to the product of half of the sum of the face and the base; the 
height and the depth i.e. 


1 
Volume of trapezoidal solid (face + base) x height x depth 


He further expressed the rule to find the other form of 
Karanagatha, which is the combination of two trapezoidal solids 
joined together with their largest face and resemble like mrdanga ‘ 
in the following verse : ! 


TE Wa i e ee 
WH ae gpa 
This verse gives the volume of this 
solid figure resembling like mrdanga as 
the product of the square of height and 
half of base multiplied by the middle and 
combined with the face. These formulae 
were also followed by other jaina scholars 
of later period. Virasena also gave the 
method of infinite division for finding the 
volume of a cone frustum. This method is 
given below. 
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Ifd, and d, are the diameters at the base and at the top and h 
the height of the frustum, from the center of the frustum, as shown 
in figure, a cylindrical core of diameter d, is taken away and 
remaining sheath can give wedgeshaped solid, whose top edge is 
nd» and base is a trapezium with parallel sides nd, and nd, and 


, when slit open vertically. A small wedge from its 


SSA 

— jp 
After taking this small wedge away two wedges on a triangular 
base are arranged in a a way that they form rectangular 


d 1 * 
height 


centre can be removed and its volume will be equal to 05 dy 


parallelopiped of sides /* 5 and mo ee and thickness * So 


di- da c=! dy A. md; —dy)*h 
4 | 2 j2 16 


The remaining four triangular wedges are again cutup to form 
two parallelopipeds of volume 


_ 2n(d; - dg) 2) (d-d 22 Le h (di- dg)? N 
8 4 4 64 | 
The remaining eight triangular wedges similarly produce four 
nid, — da)" h 
64.4 
This process is repeated infinitely till the remaining triangular 


wedges are infinitely small and the volume of the parallelopipeds 
formed by them can be neglected. 


In this way, the total volume of all these parellopiped can be 
taken together as 


its volume is n| 


parallelopipeds of combined volume 


2 2 
níd, ~ dy) 45 * ) 
16 4° 


16 1-1/4 


4 nd, dH 
5 16 
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The volume of the frustum 
nd” h tid,(d, -dz)h , 4 n(d, - d} h 
e 4 3 16 


nh i. di 4 d- cid: 
Has + did — ag + [areca — Pete 


f 


— 


q d? + did; + dz 
1 3 


With this derivation it also becomes clear that Jaina 
mathematicians were quite comfortable in dealing with the problems 
related to the series and applied their expertise in solving several 
problems related to geometry and mensuration. Virasena also 
applied the concept of sum of infinite geometric series in getting 
the volume of frustum. 


It seems that Jaina mathematicians were also demonstrating 
various algebraic identities in the form of geometry. Virasena also 
gave reference in Dhavala, a commentary on Satkhandagama 
related to geometrical representations of algebraic identities. For 
one algebraic identity he stated that 

Bamas a aia uke adana al ga aaa ? 
fam SA aa sia Ufa Ti, HA HM ...... 
(Satkhandgama Vol. III, p.44) 

In this verse a question is asked that what should be the value 
if square of total number of creatures is divided by that total number 
increased by its half ? Again answer is 
also given in the form of equation only 
that result should be total number of crea- 
tures diminished by one-third of itself. 
Why ? Further it is explained geometri- 
cally that the figure which represents the 
square of the number of creatures should 
be divided into three parts by the lines 
drawn from east to west. One of these 
parts is to be divided into two equal parts 
and joined to the ather two parts, the 
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width of those two parts, will be two third of the total number of 
creatures. Virasena called such geometrical representation by the 
name bhagayamaksetra“. 

This method of geometrical demonstration can also be further 
extended to more parts like if a square of side x is to be divided by 


1+ 1 of itself, then square should be divided into (n + 1) equal 
n 

parts, out of these (n + 1) equal parts, one (n + 1)th part further 

should be divided inton equal parts and these divided parts should 


be joined with other parts, forming a rectangle of length 0 17 : | 
nj 


1 g 

and breadth (1-4). The required value is obtained from 
n 

breadth. 


It is interesting to note that Virasena also dealt with logarithms 
to base 2 (ardhaccheda) and he was the first to deal with logarithms 
to base 3 (trakacheda) and base 4 (caturthacheda). 


10. Lalla 


There are lot of uncertainties about the life period of Lalla 
Pandit Sudhakar Dvivedi was of the opinion that Lalla might have 
lived around 499 A.D. but S.B. Dixit fixed it around 738 A.D. We 
also find a reference regarding the life period of Lalla in the 
“Consolidated List of Hindu Mathematical Works” given by 
K. Balagangadhran where he fixed it around 748 A.D. Lalla“ 
father’s name was Trivikram Bhatt and his grand father was Samba 
Lalla followed the tradition of Aryabhata I, Brahmagupta and in 
general Aryabhata School of Kusumpura and contributed in the 
fields of Astronomy and Mathematics. His famous astronomical 
work is Sisyadhivrddhida which contains nearly one thousand 
slokas. In this text Lalla gave important results related tc 
Trignometry. Because of his proximity with Aryabhata school he 
developed his work based on the Aryabhatia of Arybhata I and i! 
had such a far reaching impact that even Bhaskarachary: 
(Bhaskara II) was also prompted to write a commentary or 
Sisyadhivrddhida, which he named as Vivarna and it seems that 
this commentary of Bhaskaracharya remained unpublished. 


Bhaskaracharya also stated that Lalla authored one text relate< 
to mathematics with a title Pattiganita. To study the topics related 
to arithmetic and algebra Lalla wrote another text with the namé 
Siddhantatilaka. His astronomical text Sisyadhivrddhida consist: 
of two volumes. The first volume is spread into thirteen chapter! 
and concentrated on the computation of the positions of the planet: 
and covers the topics as mean longitudes of the planets, trut 
longitudes of the planets, lunar and solar eclipses, syzygies, rising 
and settings, the three problems of diurnal rotation, the conjunctio” 
of the planet each other, the moons crescent, the shadow of moon 
the patas of the moon and sun, the conjunction of the planets wit? 
fixed stars. The second volume was concentrated on the sphere " 
which the principle of mean motion, the terrestrial sphere, motich 
and stations of the planets, graphical representation, the celestid 
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LALLA 87 
3 ee ne = a ae ee 
shpere: geography etc. Lalla also wrote a commentary on 
Khandakhadyaka of Brahmagupta but this commentary could not 
po traced and is supposed to be lost. Lalla also wrote a text on 
astrology with a title Jyotisaratnakosha, which was very popular 
text and followed by the astrologers of later period for many 
centuries. Lalla was the first astronomer, who described Perpetuum 
Mobile in his text Sisyadhivrddhida. Lalla very frequently used 
the place value system in his texts with the help of Sanskrit 
numerical symbols. Ifrah said about the use of Sanskrit numerical 
symbols by Indian astronomer as“ . .. over the centuries, Sanskrit 
has lent itself admirably to the rules of prosody and versification 
his explains why Indian Astronomers favoured to use of sanskrit 
numerical symbols, based on a complex symbolism, which was 
extraordinarily fertile and sophisticated possessing as it did an 
almost limitless choice of synonyms”. 

Indian astronomers used various astronomical instruments for 
measuring time, motion of plants and stars. These instruments 


were, 
Teh rae Wee eped: 
Wee WOT eee Tea: 

Le. the Gola, the Bhagana, the Chakra, the Dhanus, the Ghati, the 
Shanku, the Shakata, the Kartari, the Pitha, the Kapala, the 
Shalaka, and the Yashti. Besides these twelve instruments Lalla 
also used water instruments, the self rotating globe and shadow 
instruments. Lalla for his astronomical calculations gave several 
formulae related to trigonometry. It is well known that, when a 
circle is divided by two perpendicular lines east to west line and 
north to south line it divides circle into four equal parts called Vrtta- 
pada, and these vrttapada are further classified as ayugma or 
visama (odd) and yugma or sama (even). Lalla expressed about these 

rtta-padas (quadrants), that these are formed by three anomalistic 
gene and they are successively called as odd and even. Regarding 
y functions of a complement or supplement he expressed that 
15 the anomaly is greater than 90°, it is subtracted from the 
Pee i. e. 180°, when greater than the semicircle, 180° is sub- 
complet rom it, when greater than 270°, it is subtracted from the 
: nae e circle i. e. 360°, the remainder is called the corresponding 


(Tr. by Datta and Singh) 
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Lalla formulated following trigonometric identities as 


JR? - Gya a)? = kojya a 


or kojya d = jya (90 O 
Lalla constructed table of R sines and versed R sines for the 
radius 3438’. The method followed by the Lalla for the computa- 
tion is almost similar to the method given by Aryabhata I and Surya 
Siddhanta. He also devised one shorter version of table for R sines 
and their differences by taking intervals of 10° of arcs of a circle of 
radius 150. 


Sy ESD T Propp 
AEI N P 
tah a eee, 


11. Prthudakasvami 


The details about the life history of Prthudakasvami are not 
known but few informations which could be gathered from various 
sources made it clear that he wrote a valuable commentary on the 
Brahmasphutasiddhanta of Brahmagupta and explained various 
theorems, rules, principles propounded by Brahmagupta by 
illustrating them with the help of examples ; because in the original 
text of Brahmagupta no examples are found and those rules, 
theorems of Brahmagupta first time appeared with the examples 
in the text of Prthudaka svami. He described twenty logistics related 
to mathematics in his text, which he named as : 
1. Samkalita (addition) 2. Vyavakalita (subtraction) 3. Gunana 
(multiplication) 4. Bhagahava (division) 5. Varga (square) 
6. Vargamula (squre root) 7. Ghana (cube) 8. Ghanamula (cube root) 
9-13. Pancagati 14. Trairasika (the rule of three) 15. Vyasta- 
Trairasika (the inverse rule of three) 16. Pancarasika (the rule of 
five) 17. Saptarasika (the rule of seven) 18. Nava-rasika (the rule 
of nine) 19. Ekadesarasika (the rule of eleven) 20. Bhanda- 
Pratibhanda (Barter and Exchange). 


In his commentry we find the details about the fundamental 
operations of Hindu Ganita. He also stated that the method of 
multiplications like Kapatasandhi, Tatstha and Khanda, which were 
described by most of the Hindu mathematicians, should be attrib- 
uted to the scholar of earlier period Skandasena, whose works could 
not be traced and this important information about Skandasena 
could only be obtained through the commentary of Prthudakasvami. 
He also treated various types of commercial problems related to 
Bater and Exchange, few of them are listed below for reference : 

(i) A horse was purchased by (nine dealers in partnership. 
Whose contributions were one etc. upto nine and was sold by them 
for five less than five hundred, find each man’s share. 
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“Gi Four colleges, containing an equal number of pupils, wera 
i Ti to partake of a sacrificial text. A fifth, a half, a third and a 
quarter came from the respective colleges to the feast and added to 
one, two, three and four, they were found to amount to eighty seven; 
or with those deducted, they were sixty seven. Find the actual 
number of the pupils that came from each college. 


(iii) Three jars of liquid butter, of water and of honey contained 
thirty two, sixty and twenty four pala respectively, the whole was 
mixed together and the jars filled again, find the quantity of butter, 
of water and of honey in each jar. 

(i to iii translated by Datta & Singh) 
Prthudakasvami used the term Kuttaka-Ganita for Algebra, 
where Kuttaka means pulveriser and used particularly in solving 
the equations of indeterminate nature. He named the coefficients 
of any unknown in the algebraic expression or equation by anka 
(number) or prakrti (multiplier). He also used colours to denote the 
unknown quantities like Kalaka (black), Nilaka (blue), Pitaka 
(yellow) and Haritaka (Green). It seems that Prthudakasvami was 
aware of the positive and negative roots of any quadratic equation 
and stated that while taking square root either of those roots can 
be considered according to the suitability of it for subsequent 
operations. He represented the equation in the following way : 
eg. 10x-8=x74+1 


yava 0 ya 10 ru 8 

yava 1 ya 0 ru 1 
where ya is the abbreviation for yavat — tavat, which means the 
unknown quantity, ru is for rupa, which means constant term and 
yava is an abbreviation for yavatavadvarga, which means the square 
of the unknown quantity. With this system of representation the 
above equation can be put in the form 

On? + l0x-8=x?+0x+1 

Similarly, if any equation has several unknowns then that can 
also be expressed by this system of representation as shown below : 

197x — 1644 y 2 = 6302. 


This equation was represented by Prthndakasvami as 


ya 197 ka 1644 ni 1 ru 0 
ya 0 ka o m o ru 6302 
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— k. ..... a T— 
So, by putting x for ya, y for ka and 2 for ni, we get 


197x — 1644y -z + 0 = 0.x + 0y + 0.2 + 6302. 


Prthudakasvami classified algebraic equations into four classes 
as (i) linear equations with one unknown (ii) linear equations with 
more unknowns (iii) Equations with one, two or more unknowns in 
their second and higher powers (iv) equations involving products of 
unknowns. He explained the solutions of the indeterminate equa- 
tions of the form by = ax = +c, with the help of examples. He called 
the constant pulveriser of the form by = ax + 1 by Drdha-Kuttaka, 
where Drdha means firm. To present the solutions of simultaneous 
indeterminate equations like N = a,x, +r, = ax. + ry, he followed 
the method by reducing the two divisiors by reducing the two 
divisiors by common measure, as shown in following example : Find 
anumber which leaves remainder 5, 4, 3, 2, when divided by 6, 5, 4, 
3 respectively 


N =6x +5 5% 44 


py- l 

6 

to get the value of x integral, y and x should be 6p + 5 and 5p + 4 
respectively, so, N = 30p + 29 =42+3 


2z -13 
15 


To get p integral, the values ofz and p should bez = 15q + 14 
andp=2q+1. 

50, N = 60g + 59. 

For the equations of the form Nx? + 1 = y? Prthudakasvami 
considered N as prakriti (multiplier), x as kanistha-pada (lesser 
root) or adyamula, y as jyestha-pada (greater root) or anyamula 
and C interpolator. He also gave solutions of square pulveriser like 
bx + C =y? and the equations of the form axy = bx + cy +d. He gave 
solutions of the equations like 5x — 25 = y? ; 10x — 100 = y? and 83x 
- 7635 = y? as y = 10, x = 125; y =10,x=20; and y = 1, x = 92 
respectively for these equations. 

He also dealt with the problems related to geometry. He called 
the quadrilaterals like square, the rectangle and the isosceles 
trapezium by Avisama. According to G.R. Kaye, he was the first 
Indian mathematician who proved Ptolemys theorem, : “The sum 
of the products of the opposite sides of a cyclic quadrilateral remain 
equal to the product of its diagonals.” He obtained the integr al 
values of the sides of isosceles integral values of the sides of isosceles 


or * 


or p= 
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triangle, scalene triangle and isosceles trapzium. He gave particula 
example by taking two right triangles with sides (3, 4, 5) and (5, 12 
13) and from these triangles he constructed a cyelic quadrilaterg) 
with sides (25, 39, 60, 52). Prthudakasvami gave the proof for the 
Brahmagupta’s theorem related to circumcircle : “the product of 
the two sides of a triangle divided by twice the altitude is the heart 
line, twice of its is the diameter of the circle which passes through 
the corners of the triangles and quadrilaterals”. 


(Tr. by Datta & Singh) 
P 


Proof: Let PQR be scalene trian- 
gle, draw PS perpendicular to QR and 
produce it to P’ such that PS = SP”. 
Let O be the triangle of centre of the 
circle circumscribing the triangle 
PQR, join OP and OR, which make it 
clear that triangles QPP’ and OPR are 
similar so, P: OP:: PP’: PR 


PQ PP. 1 P. PR 
OP PR ™ ~ PP 
where PQ and PR are the sides of 


triangle PQR, PP’ twice the altitude and OP, the radius of 
circumcircle. 


or 


He also illustrated few examples related to volume of pyramid 
and other geometrical figures. 
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12. Mahavirachary 
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Mahaviracharya was an illustrious Jaina mathematician of 9th 
century A.D. We do not have sufficient authentic informations to 
detail his life history but it is almost certain that he flourished in 
the Court of Rastrakuta king Amogvarsa Nirputanga.(815 to 878 
C.E.), who ruled over a large kingdom from a place Manyakheta 
(Malkhed) in Karnataka. Amogvarsha was the great patron of schol- 
ars and artists because he himself was a learned scholar who 
authored the texts Kavirajmarga in Kannad and Prasnottara 
Ratnamala in Sanskrit. Amogvarsa had very high respect for Jaina 
scholars Jinasena and Mahaviracharya. Mahaviracharya who had 
the patronage of king also called him reverentially as 
Cakrikabhanjan, Nirputang and Syadvadanyayavadi. 
Mahaviracharya had brillant capabilities blended together with 
intellectual astutism, poetic imagination with flavour of aesthetic 
articulations and creativity of an artist. Some historians are of the 
opinion that Mahaviracharya was the member of Jaina school of 
mathematics situated at Mysore and wrote his famous mathemati- 
cal text “Ganita Sara Sangraha” around 850 C.E. in the language 
Sanskrit. This text was used as a textbook for a very long time in 
South India because of its lucid presentation, systematic 
developemenent of the topics, and compilation of the mathematical 
works done by his predecessors. In eleventh century “Ganita Sara 
Sangraha” was translated in Telugu by Pavuluri Mallana. It was 
the popularity of this text that large number of topics of Ganita 

Sara Sangraha were also found from Kerala which shows that this 
text was also read and referred in that region. During modern time 
this text came to light by the concerted efforts and researches of 
Prof. M. Rangacharya of Presidency College Madras, who discov- 
ered this text and got it published in 1912 by Madras Government. 
Mahaviracharya was the first mathematician of that period, who 
thought to author a text exclusively covering the topics related to 
mathematics. In Ganita Sara Sangraha he incorporated all those 
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rules, methods, theorems, principles etc. which were discovered by 
his predecessors. He elaborated those results and in some cases 
improved them and presented them in the form of a systematic com. 
pilation alongwith his own new results. Mahaviracharya held the 
position of mathematics in high esteem by expressing that 


Aies A masi N: 


apii far A TRI 
da aed noa faa a fell 


(G.5.S.I. 9, ... 16) 
(in all transactions, which relate to worldly, Vedic or other 
similar religious affairs, calculation is of use ...... , What is the good 


of saying much ? Whatever there is in all the three worlds, which 
are possessed of moving and nonmoving beings, can not exist 
without Ganita (Mathematics)) (Tr. by Datta and Singh) 

He paid rich tributes to all those mathematicians whose works 
were included in “Ganita-Sara-Sangraha”. He expressed that “with 
the help of the accomplished holy sages, who are worthy to be wor- 
shipped by the lords of the world and of their disciples and disci- 
ples’ disciples, who constitute the well known series of preceptors, 
I glean from the great ocean of the knowledge of numbers a little of 
its essence, in the manner in which gems are picked from the sea, 
gold is from the stony rock and pearl from the oyster shell; and give 
out according to the power of my intelligence, the Sar-Sangraha, a 
small work on Ganita, which is (however) not small in value”. 

(Tr. by Datta and Singh) 

Ganita Sara Sangraha comprises almost 1100 slokas covering 
various topics related to arithmetic, algebra geometry and mensu- 
ration detailed in nine chapters as given below. 

e Chapter 1. Terminology (Sangyaadhikar). 

Chapter 2. Arithmetical Operations (Parikarm Vyvahar). 

e Chapter 3. Operations on Fractions (Kalasvarna Vyvahar). 

e Chapter 4. Miscellaneous Operations 

(Prakreenan Vyvahar). 
Chapter 5. Operations Involving the Rule of Three 
(Trairasik Vyvahar). 
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e Chapter 6. Mixed Operations (Misrak Vyvahar). 
„Chapter 7. Calculation of Areas (Ksetraganita Vyvahar). 


„Chapter 8. Operations relating to Excavations (Khat 
Vyvahar). 


e Chapter 9. Operations Relating to Shadow Problems 
(Chhaya Vyvahar). 


In this text, Mahavira made the classification of arithmetical 
operations and explained them by giving a number of examples. 
He covered almost all the topics related to basic arithmetical 
operations presented by his predecessors and represented them 
beautifully with the fragrance of his poetic flavour. He very 
frequently used the place value system with nine numerals and 
sign of zero alongwith Sanskrit. numeration system and used the 
name for various numbers as Eka (1), Dasa (10), Shata (10°), 
Sahasra (10°), Dashasahasra (104), laksha (10°), Dasalaksha (106), 
Koti (107), Daskoti (108), Shatakoti (10%), Arbuda (10), Nyarbuda 
(101), Padma (101, Mahapadma (1019), Kshoni (1016), Mahakshoni 
(10!7), Shanka (10'*), Maha sanka (10!"), Kshiti (1020), Mahakshiti 
(102, Kshoba (1022), Mahakshobha (10%). 

Mahaviracharya expressed a particular number 12345654 
3 2 by “ckadishadantani kramena hinani” which begins from 1 
and increases by 1 successively until it reaches six and then 
decreases similarly in reverse order, This specific representation is 
sufficient to understand that he was familiar with place value 
system because without the knowledge of such system this 
representation is not possible. He also found some very peculiar 
numbers which remain same when read from left to right and vice- 
versa. These numbers also remain in the form of mala or necklace 
and because of such special characteristic, sometimes also named 
as garland products e.g. 

139 x 109] T5151 
123436/9 x9= 111 111 111 
27994681 x 441 = 1234565432] 

Mahavira gave four methods of multiplication namely, Kapta 
Sandhi, Tastha. Rupa-Vibhaga and Sthana-Vibaga. He also gave 
rules for division, square, cube and square root. Regarding square 
roots he clearly explained that : 

wea aufe SET a Wat: BA 
EY TAVIS waa AIT! 


(Sangyadhikar 52) 
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According to it, the square of a positive and negative number is | 
always positive but negative number can not have square root be. 
cause negative number by its own nature is not a square of any 
other number. To find the cube of a natural number, he gave gey. 
eral methods which were based on the concept of progression, He 
made it clear that the sum of that arithmetic progession whose 
first term is n, common difference 27 and total terms in the pro- 
gression again n, will be n3. From this rule we can find following 
results quickly : 
4 + 12 + 20 + 28 = 43 = 64 
5 + 15 + 25 +35 + 45 = 5? = 125 
6 + 18 + 30 + 42 + 54 + 66 = 6? = 216 
In general, 
n+3n+5n+...... upto n terms n 
The other rules given by him to find the cubes are given below 
(2) (p +q} = p° + 3p? q + 352 + q° 
This rule can be generalised further as 
Ar . P =p? + 30209 ATT .) 
+ 3plq TTT . . )2 + (gr . ) 
(ii) n? = n(n + p) (n-p) + p? (n p) + p? 


(ii) ns = F p n 
p=2 
(iv) n? = n(n - 1) [17375 + (2m 1) 


He also generalised the summation of the square and the cube 
of a series of the form p, p +q, p 29 . as 


p? D A (p + 2g)? +..... + upton terms 


=n [27-2 


+ pq ue. 


and, p?+(p+q)*+(p 2% +... + upton terms 
=S? Sp -?) if p 
= 8S? q - Sp O-) ifp <q 
where, S =p + (p +q) + (p 29) + ... up ton terms 
Mahaviracharya also gave the sum of following series which is 
considered his remarkable constribution in this area, 


p g rgt r} + qt r)gt rgt r] +... upton terms 
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q-1 
where, S = p + pg + pq’ + ... upto n terms. He gave sum to the n 
terms of following geometric progression, 


pig’ - 1) 
q-1 
From this result, he deduced three more results to find the com- 
mon ratio, first term and number of terms of any geometric pro- 
gression. 


p + pq +pq? +... upton terms = 


The various forms of the fractions like & z), (2 of “| 
q s) \q s 


9 8 


literature, were also explained by Mahavira. He enumerated six 
kinds of jatis namely 


7 ‘ 
2 1 of 2 2) or | pt 79 which are also named as jatis in Indian 


i) Bhaga i. e., the form 2 the 2 1 | 
q s u 


(ii) Prabhaga i.e., the form [2 A ) 
q S u 


f ` 

(tit) Bhaganubandha i. e., of the forms | p +f | 

and [242 of EA ot (2 += “ot Be. — 
9 9 9 q 


a 


(iv) Bhagapavaha i.e., of the forms 


2-2) 


` 


y 


and (2-5or2-żot(2-20r2) ee } 
q 8 q u (9 s q 


(v) Bhaaga-bhaga i.e., the forms 


(2-2) or Pet) 
ry 7 
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(vi) Bhaga-matr i. e., combinations of the forms shown aboy, 
Mahavira pointed out that twenty six variations of such combi nå 
tions are possible by following the rule 

C +C, + °C, + °C, = 26 
Mahavira was the first Hindu mathematician who equated th. 
concept of nirudha with lowést common multiple t. e., L. C. M. 7, 
find the sum of fractions of different denominators he express 
that 


gaada ee aed Fes: rug 
(Kalasvarna Vyvahar 
Mahavira's important contribution in the area of fraction is ir 
devising the methods to express a fraction as the sum of severa] 
unit fractions. The type of unit fractions, which have unity in the 


numerator, was named by him ‘rupam-saka-rasi’. The rules given 
by him about these unit fractions are given below 


. 1. 1. 1 1 1 1 
(t i ⏑ ] Yα ⏑ f S++... +— + = 
2 3 8 3" 3 2.8 
(ii) 1 = tH teat = 
A PE E = 2 
2 2 (21 — 1) 2m 3 2n =| 
i! ay 2 


(itis — = + —_—___—____- + 
n n(nt+a,) (n+a,\n+a, +a) 


serre 


+ Are! 


(n +a) tado tata o) 7 01 + ao EO T E 
+ a, 


a,{ua+ad,+ay Hell a) 


By taking a 4 , = }, we pet unit fractions 
p : ] i i 4 t 
(gu) N * where r 
i 
ív) I = += 
fi p-ti 


p-n 
pol 

A 1 | 
a.b du ) baib) 
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Mahavira gave solutions to many problems related to commer- 
cial mathematics by using the Rule of three and following relation 


ti _ %2 _ %3 = 8 I TK + Xg + 8 
ci ct cat cyt, + Colo + Cots SRST 


which in turn also make clear that he was familiar with the alge- 
braic identities like 


5 — aie siete 
> af b+d+fr..... 
a c a-c 
b d b-d 


If we make a survey of literature related to Jaina school of 
thought, then it becomes interestingly clear that Jaina mathema- 
ticians had special fascination towards the topic prastarana and 
vikalpa which in modern notaion called as permutations and com- 
binations. Mahaviracharya took a great leap forward in this direc- 

n! 


tions by formulating "C, = E, or 
ri(n-r)! 


n(n -1)(n -2).....(2n-r +1) 
_ OAS ERE 

here that Mahavira was the first mathematician who introduced 

this formula, but unfortunately, some historians of the West wrongly 

attnbuted this discovery to Herigone (1634 CE), who rediscovered 


the same formula almost eight hundred years after 
Mahaviracharya. 


C, = It is noteworthy to mention 


Mahavira dealt with various topics related to algebra quite ex- 
tensively . He gave methods to solve simultaneous linear equa- 
tions and system of linear equations. A particular type of general- 
ised system of linear equations of the form b, Ex — c% = 41 

2X = Coo = Ag... 5, EX — CX =a, was also solved by him and he 
called such equations Citra-Kuttaka-Misra. He solved many prob- 
ems related to interests by converting them into simple simulta- 
neous equations involving several unknowns. While dealing with 
quadratic equations he considered both the rootse.g. to solve a guad- 


ratic equation of the form 5 * _x+c=0, he gave values of x equal 
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10 — Wee He also studied equations of higher de greg, 


2 


x 


hkeax" =q ia 


| = b, For simultaneous quadratic equations 


like x + y= a and xy = b, he obtained the values a; 


Qs 2 + Ja? 4b and y = 200 — fa? - 45). Similarly, for the 
2 


equations x? + 9? © c and xy = 6 he found value of 


= 10 c+ 2b + Je 2b) and y = wives 2h - ds ~ 2b). 


Mahavira called the equations of indeterminate nature by 
“Kuttakara” and solved many problems related to indeterminate 
linear equations of first degree and simultaneous indeterminato 
linear equations of first degree. An interesting problem related t 
it is described here > “three merchants find a purse lying on the 
road, one merchant says if I keep the purse I shall have twice as 
much money as the two of you have together, second merchant 
says give me the purse I shall have thrice as much money as you 
two have, third merchant says if I keep the purse | shall have five 
times as much money as you two have together. How much money 
is in the purse ? How much money does each merchant have ? 

If Arst merchant has x, the second y, the third z and maney in the 
purse is M, theny + M=2(y 42). M= Sur ezr); z+ M = Str +y), for 
which there is no unique solution but the smallest values for these are 
x= ly=3,224andM= 15. Mahavira also stated that other solutions 


of this problem in positive integers should be a multiple of this solu- 
tion. 


Mahaviracharya made properties of geometrical figures clear 
by explaining them with suitable examples. He classified triangles 
into three kinds namely sama (equilateral) ; dvisama (isosceles) 
and visama (scalene). He was the first mathematician, who gave 
the rule to find the radius of a circle inscribed in a triangle (or 
quadrilateral if possible), whose arca and perimeter is known. He 
expressed it in this sloka ; 

aie: ey sas gaara aa 
ava awns ff 


(G. S. S. VII 228 
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From it, we get the value of radius of circle inscribed within a 


2A 
triangle of sides a, b and c as r = a where A is area of triangle 


and s, semiperimeter of it. 


Mahavira referred rational figures by Janya and dealt with all 
kinds of such figures under the topics Janyavyavahara. For rational 
right triangle he stated that 


aiaa: Ale: Ban fey sae aE: 
aÁ GAR: Wisse | 


(G.S.S. VII 90) 

According to this sloka, the diagonal of generated rectangle 

should be sum of the squares of the upright and base where differ- 

ence of the squares of two elements is the upright and twice their 

product is the base i.e. for the elements m, n the upright base and 

diagonal of rectangle should bem? -n, mn. m? +n? . He explicitly 
dealt with the different cases of rational figures 


(i) for given hypotenuse R, the first solution fe. the sides of 


rational right triangle should be x?, Jh? -xt , A for any rational 
number x. 


(ii) the second solution should be x, yA? & , h 

(iii) the third solution should be equal to 
me -n? | 2mn \ 

7 n, | —s T 

m= +n? me +n- | 

By applying this third rule Mahavira himself found four rec- 
tangles for the same diagonal 65 as (39, 52) ; (25, 60) ; (33, 56) and 
(16, 63). He also gave the rule to find rational rectangle (or square) 
whose area will be numerically equal to any multiple or submultiple 
of a side, diagonal or perimeter or of any linear combination of two 
or more of them. This can be expressed as 


x24 y2 222 


heh 


ax + by + ez = dy, 
for any rational numbers a;b, e ad; d0 
Mahavira gave the rule to get an isosceles triangle from a single 
Senerated rectangle, for which the two sides of triangle, twice its 
side is the base, the upright is the altitude and the area of rectangle 
is equal to the area of isosceles triangle. So for any two integers p 
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andq (p #q); the sides of all rational isosceles triangles with integra] 
sides are 

(i) p? + q? ; p? +g? 20 45 

(ii) p? +q? ; p? q; 450 

He also stated that if (PI, Pa) and (A,, A,) denote the perim. 

eters and areas of two rational isosceles triangles such that 
P,:P,=m:n and A,:A,=r:s where m, n, r ands are known 
integers, then triangles can be obtained by two generated rectan- 
gles with sides 


ln 2 2 ` f 2 2 ù 
6n r 2n 1 and a a 
mes mis j m s m s 
where 72r > m?s 
The isosceles triangle from the sides of first rectangle has the 
dimensons 
F 5s ya r v 
2 2 
gie = 5 oe —1 | 
Lim's ms j 
nêr [nr 
base = 24m | ( 
msma | 
f 2 2 2 TE 
altitude -m . | _| 27r —1 
mes mis 


and from the sides of second rectangle, the dimensons of isosceles 
triangle are 


2 


741 2 2 Fan 25 | 
side =n +1] +| -2| 
in 8 j 


f 


2 
base = 4n E j 


m s 


` 
+1j+ 


altitude = J 412 +1 5 - 4 * 2 2) | 
| m?s mas | 


It is interesting to note here that Mahavira gave these results 
almost seven hundered years before its rediscovery in the West by 
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Younger in 1657 CE and Rahn in 1697 CE. He also treated rational 
scalene triangles and described the rules to find its sides, altitude 
and area. 

Mahavira listed five kinds of quadrilaterals as Sama (square, 
rhombus) ; Dvidvisama (rectangle) ; Dvisama (isosceles trapazium), 
Trisama (trapezium with three sides equal and Visama (unequal 
sides). He was familiar about the formula 


A= ,(s—a)(s—b)(s—c)(s—d) for the area of a cyclic quadrilat- 


eral of sides a, b, c and d and also made it clear that this formula is 
not applicable to the visama-caturasara. He gave the rule or get- 
ting the face, base and equal sides of an isosceles trapezium which 
have area and altitude equal to another isosceles trapezium, whose 
dimensions are known. He further elaborated that if a rectangle 
generated from the rational sides (a, 6) be smaller than that of 
other rectangle generated from the rational sides (I, m), then a ra- 
tional inscribed quadrilateral can be obtained whose sides are 

(a? — b?) (P + m?) (a? + b?) ; (I2 — m?) (a? + b?)? ; 205012 + m?) 
(a? + b?) ; 2m (a? + 6”)? and area equal to 


Ame — 52) + 2ab (22 m)] x (? 52) 2 — m?) + 4ab lm} 
(a? + 52)? 

While dealing with circle, Mahaviracharya gave the formula 
for the the area of an outlying and inlying annulus as A (d 4 p) 
p; where d is the inner or outer diameter and p the width of the 
annulus. He cosidered the value of x approximately equal to 3. He 
gave accurate formula for the area of regions enclosed by the arcs 
of four mutually touching circles as the difference of the area of the 
Square formed joining the centres of the four circles, with these 
centres as the vertices of the square and area of any one circle. 
Similarly, he explained that when three circles mutually touch each 
other, then the area of region bounded by the arcs of these circles 
should be equal to the difference of the area of equilateral triangle 
formed by the centres of these circles with vertices of triangle at 
these centres and half the area of any one circle. The remarkable 
contribution of Mahavira in the field of geometry and measuration 
is related to ellipse, which he called as Ayata-Vrtta. Though his 
formula for computation of the area of ellipse is wrong but his rule 


for the circumference of ellipse equal to y 1662 + 24b" , for longer 


diameter 2a and shorter diameter 2b, reduces to the form 
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2na i = 332 , which is very close approximation of the circumfer. 
5 


Na? =b?) 
2. 

Mahavira expounded an interesting rule to find the side of any 
regular polygon inscribed in a circle of given diameter in the sloka 


ae TS Sa qe TS Ses 

(G.S.S. VII 221) 

According to it, to find the side of regular polygon the diameter 

of circle should be divided by the circumdiameter of any given poly- 

gon and further this ratio is to be multiplied with the sides of regu- 
lar polygon (given). 

He also gave several examples related to inverted cases to trun- 

cated pyramids on square, rectangular or equilateral triangular 


bases and truncated cones. He formulated the rule to find the vol- 
ume of tetrahedron in this sloka. 


TAP wae Bae TTT 


ence, where the eccentricity e = 


Api Sea Pen Aes wa Toy 
(G. S. S. VIII 30) 
In this sloka approximate volume of tetrahedron V. g 


where a is the edge of tetrahedron and exact volume 


= —B — — — oe 4.4 


13. Sridhara 


iata saa 85 abe ie e 
E PE ET AEN / Me fs dy ee PVE COI EIA ee IR > 
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Sridharacharya, commonly named as Sridhara was a versatile 
mathematician, who wrote two mathematical texts Trisatika and 
Patiganita. Regarding life history of Sridhara nothing definite can 
be said because different scholars have putforth their own 
estimation to determine the period of his life and place of his birth. 
On the basis of these estimations ranging from seventh century 
A.D. to eleventh century A.D., most of the scholars are of opinion 
that most probably Sridhara lived during nineth and tenth centuries 
A.D. K.S. Shukla estimates his period of life between 850 and 950 
A.D. and it is also supposed that Sridhara wrote his mathematical 
texts around 900 A.D. Again, for his place of birth also there are 
differences among the historians ; few of them are of the opinion 
that he was from Bengal region, whereas some others say that his 
place of birth was in Southern part of India. 

Initially, it was believed that Sridhara wrote only two texts 
Trisatika and Patiganita but during later period many references 
were found in the works of Bhaskara II, Makkibhatta and 
Raghavabhatta, due to which few more texts namely Bijaganita, 
Navasati and Brahatpati were also attributed to Sridhara. Sridhara 
gave the names of places by using the terms “dasagunah samjnah” 
in Trisatika as Eka (1), Dasa (10), Sata (102), Sahasra (103), Ayuta 
(10%, Laksa (105), Prayuta (106), Koti (107), Arbuda (108), Abja (109), 
Kharva (1010), Nikharva (1011), Mahasaroja (1012), Sarita (1013), 
Sarita-Pati (1014), Antya (1015), Madhya (1016), Parardha (1017). He 

also mentioned that this list of numbers can proceed further by 
following the rule of dasagunah at every stage. The Patiganita of 
Sridhara is written in the form of verses and covers the topics re- 
lated to basic arithmetical operations, square, square root, cube, 
cube root etc. Sridhara gave four methods of multiplication namely 
Kapata-sandhi, Tastha, Rupa-Vibaga and Sthana-Vibaga. He for- 
mulated the rule to find the sum of series like 
aè = L{8a (a — 1) + 1) 
75 
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Shridara dealt with the problems of fractions (jati) and consid 
ered their six cases like : j 


(i)Bhaga Łe. EAA 
nm 0 4 A 


7 ` 
(ii) Prabhaga ie. | Ter = of E. | 
Lm q 


7 * 
(aii) Bhaganubandha ie. either 17 | 


`% 


..ssva 


or |— +2 of —-+2 of + Gof „.) 
m O m q \m 0 


(iv) Bhagapavaha i.e. | 8 | 


r rf | l 0 1 „, . | 
mm 0 m q m 0 m j 
(v) Bhaga-bhaga i. e. |z Ma | or | oe 
\ n vm 0 
(vt) Bhagamatr. 


Sridhara also explained the Rule of three as “ of the three quan- 
tities, the pramana and iccha, which are of same denominations 
should be placed at first and last and the phala should remain at 
the middle, the product of this and the last is to be divided by the 
first”. He also solved the problems related to ratio, simple interest, 
purchase and sales etc. He formulated the rule to find the combi- 
natorial value, when out ofn things, m things are taken at a time. 
He solved the problems related to arithmetic and geometric pro- 
gression and diagrammatically represented arithmetic series in the 
form of Srediksetras. He used trapezium to represent arithmetic 
progressions and also considered trapezium with negative bases 01 
faces, in which flanks cross over each other. For any arithmatic 
progression Sridhara used the word adih for first term, gacchah for 
total number of terms, ganitam for sum of whole series and uttarab 
for common difference. 

Sridhara gave the methods to find rational solutions for the 
equations like Nx*+ 1 =y?;1—Nx? =y2; Nx? +c = and c- Nx” =y" 
Sridhara is also credited to be the first scholar of mathematics wh? 
gave the systematic and comprehensive rule to find the solutions 
of a quadratic equation. Though the portions of his mathematical 


SRIDHARA P!!! ee 
text containing these solutions were lost, which later on came to 
the light, when Bhaskaracharya II made the reference of this 
method in his text and attributed it to Sridhara. Bhaskara II stated 
this method as “to find the solution of quadratic equation, multiply 
both the sides of given equation by a known quantity equal to four 
times the coefficient of the unknown ; add to both sides a known 
quantity equal to the square of the coefficient of the unknown : 
then take the square root”. 

For any quadratic equation px? + qx = r, the steps of solution 
are 

4p?x? + 4pqx = 4pr 

or 4n?x? + 4pqx + g? = 4pr + 92 
or (2px + q} = 4pr +g? 
taking the square root we get 


2px +q = Apr +q’ 


As already mentioned earlier, the original text related to this 
method is not available, so it could not be seen whether Sridhara 
considered both positive and negative values while taking the square 
root or considered only positive value, simply ignoring the nega- 
tive value. The application of this rule is found in bis text to find 
the number of terms of an arithmetic progression whose first term 
is a, common difference b and sum of n terms, then 


|Sbs + (2a - b) 2 +b 
„ Tia 
Sriddhara also gave the rules for calculating the time of the 


day from the length of shadow and vice-versa. For the area of 
quadrilateral Sridhava gave the formula as 


* 4) (8 50 (8 —e)(s —d) without knowing the limitations of this 


formula with different type of quadrilaterals. He considered triangle 
as particular case of the quadrilateral and gave the formula for the 


area of triangle as , ~ a)(s —-b)(s -— c) or half of the product of 


its base and altitude. Sridhara also dealt with the geometry of circle 
and gave beautiful approximation for finding the area of a segment 
in this sloka. 


Janaa eee att ceed wath: 


aera Wasa HS WEA 


(T.S. 47) 
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(the square of the arrow as multiplied by half the sum of 
chord and the arrow should be multiplied by 10 and divideg by g 
The square root of the quotient gives the area of the segments) 


(Tr. by T. S. Amma) 


mH. h 


area of segment = —; 2 
v “= 


where 7 = V10 
Sridhara also dealt with the geometry of sohd figures. He gave 
the correct formula for the volume of a cone made by the heap of 


2 


h : 
circular base as . For the volume of conical frustum he 


expressed that : 
Fares Ted: Te TTT: 
ampi qaan- naa we a: 
(T.S. 38) 
(the square root of ten times the square of the sum of the squares 
of the diameters at the top, the diameters at the top, the diameter 


at the bottom and the sum of these diameters, when multiplied by 
the depth and divided by 24, gives the volume of a well) 


(Tr. by T.S. Amna) 


pen V- Hd + d,?+(d, + d,)) 


where, h is the height and d, and d, are the diameters of the base 
and the top. 


>. 
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Year of birth around 920 A.D. (Probable) 
Lear of death around 1000 A.D. (Probable 
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The life history of Aryabhata II is full of disputes. Regarding 
his year of birth and year of death, scholars have drawn their own 
inferences about these years, on the basis of available literature of 
that period and commentaries written later on containing the ref- 
erences of his work. But most of the scholars are of the opinion that 
he lived probably in between 920 A.D. to 1000 A.D. and wrote his 
celebrated work “Mahasiddhanta” probably around 950 A.D. 
Mahasiddhanta of Aryabhata II contains eighteen chapters and this 
text is exclusively written in the form of Sanskrit verses. First twelve 
chapters of this text are devoted to mathematical astronomy cover- 
ing the topics like : the longitudes of the planets, eclipses of the sun 
and the moon, the lunar crescent conjunctions of the planets with 
each other and with the stars. The remaining six chapters are de- 
voted to Geography, Geometry and Algebra. To represent the num- 
bers he made some modifications in Katapayadi system by consid- 
ering vowels either themselves or in conjunction with constants 
without any numerical significance, wherever constants were given 
Same value as in Katapayadi system. e.g. Aryabhata II denoted 
488108674 in the form of letter alphabets as dha-jha-he-ku-na-he- 
t-sa-bha, ‘which gives the value 47801884 in Katapayadi system. 
Aryabhata II explained all basic operations of arithmetic with more 
clarity and precision. As for additions, he stated that it is making 
into one of several numbers and subtraction, a process of taking 

cut from the sarvadhana (total). He explained the ways of multipli- 
cation, division, squares, cubes etc. and also defined the rule of 
three, five, seven, nine or more terms. He also presented the meth- 
ods to solve the problems related to progressionse.g. to find number 
of terms of an arithmetic progression, whose first term a, common 
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difference d and sum to n terms of the progression are known, he 
gave the formula 


number of terms - 


Aryabhata II also improved the methods given by his predeces. 
sors to solve the indeterminate equations of first degree like 
ax — by = +c, for positive integers. He also solved simultaneous 
indeterminate equations of first degree with a common divisor : 
generally known as samslistakuttaka or the conjunct pulveriser by 
stating that dividend will be the sum of the multipliers and the 
interpolator the sum of the given interpolators. 


Aryabhata II constructed sine table correct upto five decimal 
places. He also considered the decimal parts of radius which he 
found useful in calculating the positions of planets as accurately as 


possible. He was the first mathematician who formulated the 
trignometric identity 


! 0 4. 
sin as =) - 570 sin 6) 
2 2 


He took recourse of this formula in the construction of sine table, 
beginning with the known value of R sin 30° and R sin 45° and 
exhibited the table in the form 


8 12 
i } peg 
16 8 18 6 
Wr 
20 A aH 3 6 8 
22 2 14 10 


In the process of constructing R sine tables Aryabhata II took 
the radius 34 38“ and interval 225’. It is interesting to note 1 5 
Aryabhata II also dealt with the problems related to differentia” 
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in his text Mahasiddhanta, where we find the reference of the 
formula for the calculation of true motion in the form 

u’ -— u =v — v elw - (o) cosa, 
which in the terms of derivatives can be interpreted as 

bu = öv + e do cos O. 


Aryabhata II gave the approximate value of equal to = while 


defining the rule to find the area and circumference of a circle. He 
explained that if diameter of a circle is multiplied by 22 and di- 
vided by 7 then it will give approximate value of the circumference 
and if square of semidiameter also multiplied by 22 and divided by 
7, the approximate value of area of a circle can be obtained. It is 
particularly relevant to mention here that this approximate value 


22 
of n equal to 5 appeared first time in Aryabhata II's 


Mahasiddhanta. He also gave another method to compute the value 
of N by dividing circumference of a circle by its diameter. He stated 
that if circumference of a circle is 21600, multiply it by 191 and 
divide by 600, the quotient thus obtained give the value of diam- 


ae 600 
eter, which in turn gives the value of x equal to 151 3.14136. 


Aryabhata II also dealt with the geometry and gave several 
methods to construct different types of plane geometrical figures. 


He was aware of the formulae : area of a triangle = = (base x 
2 


altitude) or area of a triangle = js(#-a@)(s-b)(s—c) to find the 
exact value of the area of a triangle. He was also familiar with the 
properties of triangle like : in any triangle no side can be greater 
than the sum of remaining sides and for some triangles the altitude 
drawn from any vertex may fall outside the triangle. Aryabhata II 
devised a rule to find the approximate area of a quadrilateral in 
this verse : 
Aya wyja wars 
Sagi maea Aaa AM 
fata magasing a Putt fg 
Wiese 3 eke ee e We: 
(Ma Si XIV. 78-79) 
From it, the area of a triangle can be computed by multiplying 
half the sum of the face and base by the altitude, whereas the 
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approximate area of quadrilateral should be found by multiply; 
half the sum of the base and face to half the sum of opposite altitudes 
towards south and north. He also gave the method to calculate the 
diagonals of a quadrilateral. To find the area of square and rhombug 


he beautifully explained the rule in this verse 
aad: stages Alea: We r 


(Ma Si, XIV, 82) 
which shows that if the product of diagonals of square or rhombus 


is halved then we get the area of these figures. He also explained 
the method to find the value of second diagonal of parallelogram or 
rhombus by establishing an identity in this verse : 


magai apie sara 
minii Suff fete: =a 
(Ma Si XIV 81-82) 
From this verse for any parallelogram PQRS we can get the 
identity 
QS? = PQ? + QR? + SR? 7 f 
+ SP? — PR? 


or QS? = 2PQ? + 2QR? — PR? 
Aryabhata II also gave rule to 
find the approximate area of 
segment of a circle and explained 
many problems related to 
mensuration like barely corn, P a 


crescent moon, elephant’s tusk, thunderbolt drum etc. These have 
the shapes as shown in following figures : 


Barely corn Crescent moon Elephants tusk 


Thunder bolt 


Drum 
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Aryabhata II explained crescent moon as a combination of two 
triangles, elephant tusk consisting of only one triangle, a barely 
corn consisting of two segments of a circle or two triangles, drum 
the combination of two segments of a circle outside and a rectangle 
inside and thunderbolt consisting of two segments of two circles 
and two quadrilaterals. He also gave formula for the volume of a 
cone or pyramid equal to the half product of area of its base and 
height. He also devised a formula related to excavations of various 
forms, which may be inverted truncated pyramids on square, rec- 
tangular or equilateral triangular bases. He stated that to find the 
volume of such figures, first divide the sum of the areas of the face 
and base and that arising from the sum of their sides by six and 
then multiply this value with the height. It can also be precisely 
formulated in following way by denoting the sides of the face by p 
and g and that of the base by r and s with height A, then volume 


h 
should be equal to 5 ((p +r) (q+s)+pq+rs). 


Aryabhata II was also aware of the volume and surface area of 
sphere. To find the volume of any sphere he gave the rule that if 
cube of the diameter of a sphere is halved and then added to its 
eighteenth part, then we get approximate value of the volume of a 
sphere. For the surface area it seems that he used the formula i. e. 


surface area of a sphere equal to product of circumference and 
diameter. 


N ON eA A 7 à a 
rr * — 
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Sripati was a famous mathematician of 11th century Hi 
f is 
father was Nagdeva, who was also called sometimes as Namadeya 
He was born probably in the year 1019 A.D. in Rohinikhanda, 2 
place situated in Maharashtra state of India. Sripati authored the 
texts related to astrology, astronomy and mathematics. In 1039 
A. D., he wrote the book Dhikotidakarana, which covered the topics 
related to solar and lunar eclipses. He wrote another book named 
as “Dhruvamanasa” around 1056 A.D., containing 105 verses on 
the rules for calculation of planetary longitudes, eclipses and plan- 
etary transits. His major contribution in the area of astronomy was 
complied in the text, “Siddhantasekhara”, which has 19 chapters, 
Ganitatilaka, a treatise on mathematics, he wrote to cover the top- 
ics related to arithmatic. Ganitatilaka contains 125 verses, and this 
text was based on the work of Sridhara. It seems that this text of 
Sripati is incomplete and few portions of it are missing. In this text 
he explained elaborately the laws of signs like : 
(i) sum of two positives is positives; of two negatives is negative 
; of a positive and a negative is their difference and sign of 
the difference is that of greater ; of two equal positives and 
negatives is zero 
(ii) on multiplying two negatives or two positives, product 15 
positive; in the multiplication of positive and negatives, 
the result is negatives l 
(iii) the square of a positive and a negative, result is positive: 
a negative number itself is non square, so its square roe F 
unreal. (i) to (iii) translated by Datta and a | 
Sripati also gave the rule to find square, square root, cube, pa | 
root etc. of positive and negative quantities. He formulated the 
for solving the quadratic equations and established the iden’ 


(xt y =Z Jere? — y) rife- e 
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Sripati also devised the rules to find the solutions of linear equa- 
tions in one variable and simultaneous indeterminate equations in 
one variable and dealt with the simultaneous indeterminate equa- 
tions of the type 

5191 =a, X K 01 
by Vo ag R Cy 
by Yy a X tC, 


SRR eRReOeE ADD Te rerHenenD 


These types of equations are sometimes also known as conjunct 
pulveriser. He also solved the equations of Varga-Prakriti like 
Nx? + 1 = . It is interesting to note here that Sripati (1039 A.D.) 
was able to recognise the infinite number of solutions of the 
equations of the form Nx? + 1 =y? and this very important discovery 
of Sripati was wrongly attributed by modern historians of 
mathematics to Fermat (1657), who also opined the same view in 
seventeenth century that the equation Nx? + 1 =y? has an unlimited 
number of solutions in integers, which was already made clear by 
Sripati even six centuries before than Fermat. Sripati also 
considered the rational solution of square nature for the equation 
of the form Nx? + 1 =y?. He also gave the solutions for the equations 
of the form axy = bx + cy +d. 

In Siddhantasekhara, Sripati explained the topics related to 
arithmetic, algebra, mensuration and few specific problems related 
to shadow reckoning. He described five methods of multiplication 
in his text as Kapata-sandhi, Tastha, Rupa-Vibhaga, Sthana- 
Vibhaga and Ista-Gunana. He gave the name Sadrsi-Karana (mak- 
ing similar) for equation and denoted the unknowns by colours like 
kalaka (black), nilaka (blue) etc. He also wrote two texts related to 
Jyotisla (astrology) titled as Jyotisharatnamala and Jatakapaddhati 
or Sripatipaddhati. 

Sripati dealt with several problems related to geometry. He 
heautifully explained the method to calculate the circumradius of 
an 1soaceles trapezium. 


witae yia urtan, ae: 
We aa Sey 
ayer: Maat uin 


miera oe fr uy 
(Sri Se p. 86) 
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According to this sloka, if we divide half the product of a diago. 
nal and its adjacent side of any quadrilateral (isosceles trapezium 
by the altitude, then we get the circumradius. But if a quadrilat. 
eral which is isosceles trapezium, has unequal sides then 
circumradius is half the square root of the sum of the squares of 
the opposite sides. Sripati also gave rules for the construction of 
rational right triangle and rational cyclic quadrilateral which are 
very similar to the rules given by Brahmgupta. Sripati explained 
the solution of rational right triangle in the sloka. 


Sel YN aaa Wa Hoe 
siea GAM 

1 raa 
qa: Safe: fea: 


(Sri Se p. 87) 

According to this sloka, for given bhuja, if square of it is 
divided by any assumed number, again decreased by same number 
and then taking half of this value, it gives koti, whereas hypot- 
enuse is found by addition of same quotient with the divisor (as- 
sumed value). i.e. for any side of length m, take assumed value n, 


sides of rational right angled triangle should be m, Ż 


15 J F n . Sripati also gave the formula to find the common chord 
n 

and its height in the case of intersecting circles whose diameters 
are di and d, and heights of arcs h, and A, as 


2 dy d 20% +h,) 


He also gave the methods to find the value of segments of a 
circle and the value of x, similar to his predecessors. 


Sripati also contributed much in the area of trigonometry: 
Sripati explained that the successive sines are found if differences 
of sines from a table are added in the direct order i.e. from top to, 
down. Similarly, the corresponding versed sines can be calculate 
if ‘differences of sines are added in reverse order. He also . 
that the difference of sines as Jyakhanda, whereas ae 
corresponding versed sines found in the reversed way from tabu 
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difference of sines are called as Vyasta-jya. Sripati explained few 
trigonometric results in following statements : 
(i) the square of the radius is diminished by the square of the 
R sine, the square root of the remainder will be R cosine. 
Again the square root of the square of the radius minus 
the square of the R cosine will be the R sine. The radius 
minus the versed R sine of the complement of an arc is 
equal to the R sine of the arc and minus the versed R sine 
of the arc becomes the R sine of the other i.e. complement. 
(ii) the chord of the sixth part of the circumference of a circle 
is equal to its semidiameter. The hypotenuse arising from 
the base and perpendicular (of a right angled triangle) each 
equal to the semi-diameter is the chord of the fourth part 
of the circumference. Half those chords will be the R sines 
of half of those arcs. 
(i & ii translated by Datta & Singh) 
Sripati constucted the table for R sines and versed R sines for 
every 3° 45’ from the circle of radius 3415’. 
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Bhaskaracharya was a versatile mathematician of twelfth cen- 
tury A.D. The mathematics developed by Hindu mathematicians 
reached to its ac me in the works of Bhaskaracharya and for long 
time his texts were followed throughout India as standard math- 
ematical and astronomical texts, which were certainly in a position 
to sitmulate the curiosity of seekers in mathematics because of its 
attractive poetic presentation and elegant depiction of mathemati- 
cal problems in the form of Sanskrit verses. He gave informations 
about his year of birth and time in this verse as 


TPT WH FT aad suai: 
wy aan qa area Ad: 
(Siddhanta Siromani) 
According to it, he was born in 1036 Saka year and he composed 
Siddhanta-Siromani, when he was thirty years of age. With this, it 
can be computed easily that his year of birth in Christian Era should 
be 1114 C.E. i.e. (1036 + 78 = 1114) and in the year 1150 C.E. he 


wrote Siddhanta-Siromani. Regarding his native place and ances- 
tral lineage he gave informations in this verse as 
ma war wit fae weer fea: 
(Goladhyay?) 

According to it, Bhaskaracharya was the Brahmin of Sandily i 
Gotra and his native place was at Vijjada-Vida, a place near to tb 
Sahyadri mountains, which in the opinion of some scholars may ti 
Bijapur of modern Karnataka, whereas few other scholars iden 


fied this place in Maharashtra. His father’s name was Mahesvars, 
who himself was great scholar of mathematics and astronomy 4" 
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and he only taught the basics of these subjects to Bhaskara II In 
the eulogy of his father he expressed that i 
aiara gf Wie: qita 
aiaa fagi WTA: 
Tarda e Ua as 
TAA dhe wy eR 
(Bijaganita) 
Bhaskaracharya also got education from his father in the area 
of Veda, Vyakarana, Jyotisa, Kavya, Literature etc. It is also be- 
lieved that his grandfather and great grandfathers were also schol- 
ars of mathematics and astronomy and it was the natural gift only 
that for many generations, in his family excellent scholars were 
born and in one way or the other it became their vocation to study 
and develop the subjects related to mathematics and astronomy. 
His son was Laxmidhar and grandson was Changadeva. It becomes 
evidently clear through stone inscription found from Patan that 
Changadeva was a scholar and astronomer at the court of king 
Singam of Yadava dynasty, who ruled at Devagiri from 1210 A.D. 
to 1237 A.D. Changadeva also built a monastery to further develop 
and propagate the works of Bhaskaracharya. In one of the inscrip- 
tions Changadeva also mentioned that king Jaitrapala invited his 
father Laxmidhar, son of Bhaskaracharya, from Patan and from 
this information some scholars also conjectured that 
Bhaskaracharya’s native place probably may be Patan (Khandesh). 
Bhaskaracharya later on migrated to Ujjain and became head of 
the astromical observatory there, to further develop and progress 
the mathematical tradition of Varahamihira and Brahmagupta. 
The important works of Bhaskaracharya are Siddhanta 
Siromani, Karan Kutuhala and Vasanabhasya. Siddhanta Siromani 
consists of four parts namely Lilavati, Bijaganita, Goladhyaya and 
Grahaganita. Out of these four parts, Lilavati and Bijaganita ex- 
clusively cover the topics related to mathematics and Goladhyaya 
and Grahaganita deal with astronomy. Lilavati is divided into 13 
chapters and covers the topics related to arithmatic, elementary 
algebra, mensuration and geometry. Bijaganita is an important 
treatise on algebra and covers the topics like positive and negative 
numbers, zero, unknown qunatities, surds, indeterminate equations 
of second, third and fourth degree, indeterminate quadratic equa- 
tions etc. Goladhyaya contains thirteen chapters covering the top- 
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ics like nature of the sphere, planetry motion, spherical trigon 
etry, eccentric epicyclic model of the planets, ellipse caleulati nd 
the seasons etc. Grahaganita is divided into twelve chapters Da, 
deals with true and mean positions of the planets, diurnal rotati X 
Syzygies, Lunar and solar eclipses, latitudes of the planets, ri y3 
and settings etc. 

In the year 1183 A.D., when he was of the age 69 years he 
authored another astronomical text Karan Kutuhala, which 1195 
details about lagna, kundli, phalit jyotisa and the methods to pre 
pare alamanac. He also wrote commentary on his own text 
Siddhanta Siromani in prose from with title Vasanabhasya. On the 
text Shishyadhividdhidatantra of Lalla he wrote a commentary. 
named as Vivarna. 


Lilavati of Bhaskaracharya is based on Brahmasphuta 
Siddhanta of Brahmagupta, Pattiganita of Sridhara and Maha- 
Siddhanta of Aryabhata I. He incorporated the important concepts 
enunciated by his predecessors, improved them where ever 
necessary and enriched his texts with his own pioneer results. 
Regarding the name Lilavati, it is said that Bhaskaracharya on 
the basis of his astrological calculations inferred that his daugther 
Lilavati has chances of becoming widow if marriage could not get 
performed at a particular time. He calculated that particular 
auspicious time for her marriage and to know that time correctly, 
made a water clock himself by placing a cup with a small hole at 
the bottom, on a pot filled with water. It was designed in such a 
way that after one hour the cup would sink. Lilavati because of her 
childlike curiosity stood near that instrument and started observing 
it, In the meantime, a pearl from her bridal dress fell into the cup 
and prevented the influx of water into the cup. The auspicious a 
passed without sinking of the cup, which forced Lilavati to remain 
whole life unmarried and left Bhaskaracharya in deep dejection 
Finally, he consoled Lilavati with an immortal allurement the a 
would write a text on mathematics with title Lilavati, which ye 
definitely make Lilavati immortal. Later on this text became “if 
popular because of its coverage of relevant topics, poetic style, oe 
presentation and highly imaginative coherence with nay 0 
settings. Lilavati was adopted as a standard textbo? as 
mathematics throughout India for many centuries. ! ns of 
translated into Persian by Faizi in 1587 C.E., on the direc ig of 
emperor Akbar. H.T. Colebrook translated Lil and 
Bhaskaracharya with title Algebra with Arithmati yati 
Mensuration etc.” and J. Tylor. translated it with title La 


ore 
Singa 
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itself in English. Several hundreds of commentaries were written 

by the scholars on Lilavati, Bijaganita and Siddhanta-Siromani. It 

is interesting to note that 143 copies of the commentaries written 

on Lilavati by different scholars are still available in India and 
abroad. The important commentaries are listed below : 


1. Paramesvara Ganesa 1430 A.D. Lilavativyakhya 


2. Daivajna 1545 A.D. Buddhivilasini 
3. Suryadasa 1541 A. D. Ganitamrtakupika 
4. Narayana earlier than 

1588 A. D. Karmapradipaka 
5. Madhava — Karmapradipaka 
6. Gangadhara 1432 A.D. Ganitamrtasagari 
7. Ramakrsna 1339 A.D. Ganitamrtalahari 
8. Laxsmidasa 1500 A.D. Cintamani 
9. Munisvara 1608 A.D. Nisrstaduti 


Bhaskaracharya very frequently used the concept of zero and 
place value system. He expressed numbers in decimal scale in the 
multiple of ten as 

THe, eee Bea: WaT! 
F FI Wh Fee 
wear Hey wodfata arpa: Neff 
Fearn war Sarasa Hal: gA: 
(Lilavati) 
i.e. Eka (1), Dasa (10), Shata (102), Shasra (105), Ayuta (10*), Laksha 
(105), Prayuta (106), Koti (107), Arbuda (10%), Abja (10%), Kharva 
(1010), Nikharva (1011), Mahapadma (1012), Sanku (1015), Jaladhi 
(1014), Antya (1015), Madya (106), Parardha (1017). Bhaskaracharya 
gave rules for addition, subtraction and division. He explained five 
methods of multiplication namely Kapata-Sandhi, Tastha, Rupa- 
Vibaga, Sthana-Vibaga and Ista-Gunana. He used the notion of 
‘Ankanam Bamto Gati’. One of the methods of multiplication given 
by him is illustrated below 
(i) Multiply 2146 with 13 
26146 ; (2 x 13 = 26) 
27346; (13 x 1 = 13, carry over 1; 26 + 1 = 27) 
27826 ; (13 x 4 = 52; carry over 5 ; 273 + 5 = 278) 
27898 ; (13 x 6 = 78; carry over 7; 2782+ 72 2789) 
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In Lilavati, we find four different methods for getting the value 
of square. The first method is almost similar to the methog fol- 
lowed in modern mathematics but other three methods are entirely 
different in terms of the algorithm involved. In sloka II of Lilavati 
he gave a rule to find the value of square, which is explained in 
following example: 

Example: Find square of 3125 

(i) 32 29 25 32636 x 125 = 750; 9 + (750) = 9750 
(ii) 123 1; 2K 12 2; 2 * 25 50; 17 (50) = 150 
(ii) 224; 2 * 224; 4 5 20; 4 (2)0 = 60 


(iv) 5? = 25 
required valueis 9750 
150 
60 
25 
9765625 


In Sloka 13 of Lilavati, he explained other method of finding 
the square that first divide given number into two parts, add sum 
of the squares of those parts with twice the product of parts. It can 
be put in the form of identity as (a + b)? = a? + b? + 2ab. The third 
method given in Lilavati is an interesting way to find the square, 
which is equivalent to the identity x = (x +y) (x — y) + y? ; wherey is 
an assumed number. It is illustrated below: 

(i) Find square of 9897 
Let assumed number be 103, so 
(9897) = (9897 + 103) (9897 — 103) + 1032 
= 97940000 + 1032 
Again for the square of 103, take assumed number 3, so that 
103? = (103 + 3) (103 — 3) + 3? = 10600 + 9 = 10609 
finally, (9897)? = 97940000 + 10609 = 97950609. 

He also explained the rules to find square root and cube. T° 
find cube root of a number he explained the rule of extraction in 
this verse, 

ste Wea ae 2 reece fai 
Wa yee Het Fen aan TISSA frac : 
Wa wets Wea ndia: Gara: 
(Lilavati 14-15) 
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— 


This method is explained in following example : 
Example : Find cube root of 42075 
1 i 
941878 
Firat asmen the cutne and nancubic places to the digit 
t) Given number haa one triplet and other block af two digits 
from right to left, ao ita cube root has two digita 
(ia) Now take 42, which is cloner to cube of 


3 1e. 27. 6 
42 8 75 
27 
15 N 75 


ite) By empie observatian it can be ascertained that laat digit 
of cube root will be five 
(031 9 93 2727 52145 


15375 

135 

2376 
(rt) 57 28 25 „ Re 75 THe 4 225 

2375 

225 

125 
( 125 125 
125 
* 


Required cube root in 35. 

Bhaskaracharva while dealing with fractions considered only 
four types of Jatis He explained the Rule of Three re Trairasika 
and its inverse process and considered it indeed, the essence of 
anthmetic by expressing that “As Lord Narayana who relieves the 
ue rings of birth and death, who is the sole primary cause of the 
creation of the universe pervades this universe through His own 
Manifestations as worlds, paradises, mountains, rivers, gods, men, 
demona ete, ao does the Rule of three pervade the whole of the 
“ence of calculation ...... Tr. by Datta and Singh! He also gave 
the rules of five, seven, nine or more terms He solved many prob 
‘oma by using the rule of false position, which he named us 
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istakarma i. e., the rule of supposition. We give some problems eal 
pressed by him related to it below. 
HAG Nc T ETT : 
fra eft gat aa gan Sea: 
qma wen: Mad Nu yee: 
wea sae den f N MN: 
(Lilavati) 
i. e. (out of a heap of pure lotus flowers, a third, a fifth, a sixth were 
offered respectively to the Gods Shiva, Vishnu and Surya and a 
quarter was presented to Bhavani. The remaining six were given 
to the venerable preceptor. Tell quickly the number of lotuses) 
(Tr. by Datta and Singh) 
Bhaskaracharya only dealt with those problems related to quad- 
ratic equation in Lilavati which involve square root, the other cases 
were treated in Bijaganita. The following problems expressed by 
him are of the first category as 


qimia aor sel wt wa 
were Pore west gA ETA, 
Rara fer: atm aft d aaa ad: 
(Lilavati) 
i.e. (Partha, irritated in fight shot a quiver of arrows to slay karna 
with half his arrows, he parried those of his antagonist with four 
times the square root of the quiver full, he killed his horses, bit 
Salya with six arrows, with three he demolished the umbrella, 
standard and bow and with one he cut off the head of his foe. How 
many were the arrows, which Arjuna let fly.). 
(Tr. by Datta and Singh) 
Solution. Let arrows used by Partha be u, then, 


2 4 0 


Be Au = 25 
or u? — 104u + 400 = 0 
or (u - 100) (u - 4) = 0 


u = 100 or 4; but answer should be 100. 
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The similar type of other problem he expressed as, 
afer F Sea ef Areva Afcrfeg 
fafaa Fan age ya 
fafa sited Tare Fee 
ofa wis TA Af Arise 
: (Lilavati) 
i.e. (the square root of half the number of a swarm of bees is gone to 
a shrub of jasmin and so are eight ninths of the whole swarm, a 
female is buzzing to one remaining male that is humming within a 
lotus, in which he is confined, having seen allured to it by its fra- 
grance at night. Say, lovely woman, what is the number of bees) 
(Tr. by Datta and Singh) 
Solution. Let u be total number of bees. 


80, 23 =u 


u (u=18)? 
or 5 
2 81 
or 2u? —153u + 648 = 0 
or (u — 72) (2u 9) =0 
“w= i2 or 9 $ 
Total bees should be 72. 


Bhaskaracharya analysed the concept of zero in his texts 


Lilavati and Bijaganita elaborately. He expressed about it in Lilavati 
that 


am @ aaa iA AH aA i: 
GR SIA: A Wea yeah: 
MA Pre ad @ eee wal UT: 
aip Wa tada Garages ya: 
(Lilavati) 


According to it, in addition zero makes the sum equal to the number 
itself to which it is added, in involution and evolution the result is 
zero. A number divided by zero is kha-hera ; kha means sunya or 
2erol. e. number with zero as denominator. The product of a number 
and zero is zero but it must be put as a multiple of zero with a 
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distinction kha-guna. By analysing this explanation of zero some 
scholars opined that it is more likely to deduce the result that 
Bhaskaracharya was aware of the concept of infinitesimal 
qunatities. In their view, by making the assertion of kha-guna, he 
pointed making the assertion of Kha-guna, he pointed zero towards 
an infinitesimal quantity and applied this concept in astronomica] 
calculations. While dealing with calculus he also used the quanti. 
ties which ultimately approach to zero and derived the differentia] 
coefficients of certain functions by applying this notion. It is hi ghly 
remarkable that Bhaskaracharya in twelfth century itself discoy- 
ered the concept of infinitesimal quantities and applied them for 
various astronomical calculations which place him far ahead in 
terms of his mathematical acumen from other scholars. In fact, 
this notion of calculus, was conceived and developed in, Western 
World only after six centuries of its introduction and application 
by Bhaskaracharya in India. To define the concept of infinity i.e. 
Kha-hara, which is synonymous with Kha-Cheda of Brahmagupta 
i.e. the quantity with value in denominator zero, Bhaskaracharya 
expressed that 
em eat: Get a urn 
aly aaea fd: gay 
SHS THM Aq 
(Bijaganita 4) 
i.e. (in this quantity, consisting of that which has Cipher for its 
divisor, there is no alteration, though many may be inserted or 
extracted ; as no change takes place in the infinite and immutable 
god, at the period of the destruction or creation of worlds, though 
numerous order of beings are absorbed or putforth) 


(Tr. by Datta and Singh) 


From this explanation, it is evidently clear that Bhaskaracharya 
was aware of the concept 


8 — 
o and = 


He also made it clear that if any quantity is multiplied by zero 
and also divided by zero, in such a case its value remains unchange 


x0 ; l 
ie. 2 5 P, which can also be expressed as lim 2 ae ep 


£>0 £ 2 
one flaw is noticed in the explanation of Bhaskaracharya that he 
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considered zero itself as an infinitesimal quantity instead of £ or 
any other suitable notion meant to denote infinitesimal quantity 
as done in modern notations. In fact, scholars like Taylor and Bapu 


* 


Deva Shastri made it clear that in Ps = p|, Bhaskaracharya 


considered zero as a very small quantity equivalent to limiting value 
zero, which he applied further in astronomical calculations. He also 
gave three examples related to this concept as, 


(2x0+ 2x2) 
(i) 0 = 63; giving x=14 
x 2 x 
rr 9 +) —+2—9 
0 0 
(ii) — J = 903 
giving x = 9 
x 7 x | 
an (e) xo} 225) 0-15 
giving x = 2. 


The values given by Bhaskaracharya in these examples are 


possible only when we consider Oe, a small quantity approaching 
towards zero. 


Bhaskaracharya explained the topics related to permutations 


and combinations in detail. He also composed some interesting prob- 
lems depending on it, one of such problems is given below 


WSR Eeen BATT Yc: 

Sean Wad waa Wats: 

SA Werner: fü ÄN: 

wesittite wet Buse: 
Le. (how many variations of form of the god, Sambhu (Lord Siva) 
are possible by the arrangement in different ways of the ten items, 
held in his several hands, namely pasa (rope), ankusa (elephants 
hook), sarpa (serpent), of armaru (double drum), kapala (skull), 


sula (trident), khatvanga (bedstead), sakti (dagger), sara (arr ow) 
and capa (bow) as also those of Hari (Lord Visnu) by the exchange 
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of gada (mace), cakra (discus), saroja (padma, lotus), and sank, 


(conch) ?) 
(Tr. by S.Balachandra Rag) 

Solution. As there are ten items in the hands of Sambhu, these 
ten items can be exchanged with each other in 10x9x8x7x6x 
5 x 3x 4x 2 x 1 ways, which gives the value 3628800, so a sculptor 
has to make such number of different idols of Sambhu, which 
presents different set of ten items in each idol. Similarly, Hari’s 
four items can be arranged in 4 x 3 x 2 x 1 ways so in this case 24 
different idols may be created. 

Bhaskaracharya defined algebra as the science which deals with 
numbers expressed in the forms of symbols or unknowns. He also 
used varnas and colours to denote unknown quantities as Yavat- 
Tavat (so much as), kalaka (black), nilaka (blue), pita (yellow), lohita 
(red), haritaka (green), svetaka (white), citraka (variegated), kapilka 
(tawhy), pingalaka (reddish-brown), dhumraka (smoke-coloured), 
patalaka (pink), savalaka (spotted), syamalaka (blackish) etc. He 
explained the laws of signs as 

(i) in the addition of two negative or two positive numbers 
the result is their sum, the sum of a positive and a nega- 
tive number is their difference 

(ii) a positive while being subtracted becomes negative and a 
negative becomes positive 

(iii) the product of two positive or two negative is positive; the 
product of positive and negative is negative. 

(tv) the square of a positive and a negative number is positive ; 
the square root of a positive number is positive as well as 
negative. There is no square root of a negative number, 
because it is nonsquare. (i to iv Tr. by Datta and Singh) 

He considered six fundamental operations in algebra as 

addition, subtraction, multiplication, division, squaring and getting 
square root. He classified equations in different categories 25 
(i) linear equations with one unknown (ii) linear equations with 
more unknowns (iii) equations in one unknown in its second and 
higher degrees (iv) equations having two or more unknowns in their 
second and higher power (v) equations involving products of 
unknowns. Bhaskaracharya analysed the problems related to 
indeterminate nature more explicitly and solved several such type 
of equations first time. He gave solutions to the equations of the 
form by - ax = +c; by =ax+1; by + ax = +c and simultaneous 
indeterminate equations of the form by, = a,x + ci, by, = ax + Co 
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bys = 23 % E Cg eee: Bhaskaracharya solved the indeterminate 
quadratic equations of the form Nx? + 1 = y?, which are named by 
Hindu mathematicians as Varga-Prakriti. It is appropriate to 
mention here that the equation Nx? + 1 =y? named as Pell’s equation 
by mistake by Western historians of mathematics because it seems 
that they were unaware of the fact that such type of equations of 
indeterminate nature were solved by Hindu mathematicians 
centuries before it was rediscovered in the West. Brahmagupta first 
gave solutions of the equations of the form Nx? +c = y? and Nx? +1 
=y? in rational integers, which were further improved and refined 
by Sripati, Bhaskaracharya, Narayana etc. In the equation Nx? +c 
=y? ; Nis termed as gunaka-prakrti ; x: kanisthapada or adyamula ; 
y :jyesthapada or anyamula ; C: ksepa or praksepka by Hindu 
mathematicians. Bhaskaracharya solved the equations of Varga- 
Prakriti by using Cakravala (cyclic) method. The Cakravala method 
of Bhaskara II is explained below : 

Take any Varga—Prakriti Nx? + P = y? 
where P=+1,+2 or +4 

We find r and s such that 

Nr? + P = s?, for any suitable P. 

We can also get 


N. 1? + (q? N) =q? and by applying Samasa-Bhavana, it can 


be obtained 
rqt+s 1 q? -N ̊ 
NP P P 


Here the value of g can be choosen in such a way that rq + s is 
divisible by P and q? N becomes numerically small. Then put, 


2 I 
DOS og dae aa 
P 1! P 1 P 
which gives Bhaskaracharya’s first theorem in the form Nr,? + P, = 
s,”, where if ri is an integer then s, and P} are also integers. If the 
Same process is repeated then another set of integers 72, s, and P, 
can also be obtained putting the equation in the form Nr? + P, = 
83". Continuing this process upto finite number of repetitions, two 
Integers r, and r, can be obtained in such a way that Ni,? + A = i”, 
WhereA=+1 or 4 2 or +4, which is called Bhaskaracharya’s 
Second theorem on Varga-Prakriti. Bhaskaracharya gave particu- 
lar solutions for five values of N ie. 8, 11, 32, 61 and 67. It is inter- 
esting to note here that Fermat in 1657 A.D. sought the solution of 


~ 
ae 
* 
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the equation 61x? + 1 = y? from other fellow mathematicians, but 
none ofthem could give the solution of this equation, whereas same 
equation 61x? + 1 =y? was solved by Bhaskaracharya five centuries 
before Fermat’s open question, which is sufficient to understand 
the mathematical ingenuity of Bhaskaracharya. The solution of the 
equation 61x? + 1 = y? given Bhaskaracharya is explained below: 
61 x? 1 125 
Here, 61.12 + 3 = 82, wherer=1,P=38,s=8 
Now, take g in such a way that 


is an integer and 
P 3 
q’-N_q’-61. | 
5 = is numerically small. 


Let 4 = 7, then r= 571 = (— 4) 


sq + Nr 
and 81 * p= 39, therefore 


61.5? — 4 = 39? 
which is of the form Nx? + A = y2, where A = 4, so that 


6 4 


2 


Now by Samasa Bhavana between 
> 2 „1 and 5 39 —1 we get Be ees 
2 2 22 2 2 
Again by Samasa Bhavana between, 


195 -1543 1 and . 1 weobtii 
2 2 2 2 


ty = 3805, Lo = 297 18, X 1. By applying Samasa on this set by 
itself Bhaskaracharya got the solution, x = 226153980 and 
y = 1766319049, which are the least integral values of this equa- 
tion. Considering the importance of Cakravala method of 
Bhaskaracharya the famous German mathematician Hankel said 
that “It (Bhaskaras Cakravala method) is beyond all praise: It is 
certainly the finest thing achieved in the theory of numbers before 
Lagrange”. 

Bhaskaracharya asserted that the solution of these Varga 
Prakriti equations should be infinite which can be obtained bY 
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repeated application of the principle of composition. He Also gave 
the rational solutions of these type of equations. He pkedehted the 
solutions of the equations of the form Nx? +c = y? ; Mn > ‘ 
a2 x? tc = y? = Nx? = y? and Nx? — k? = 52. The solution of the 
general indeterminate equation of the second degree first time found 
in the Bijaganita. Bhaskaracharya classified indeterminate 
equations into two forms as Sakrt Samikarana (single equations) 
and Asakrt Samikaran a (Multiple equations). He gave solutions of 
the quadratic indeterminate equation of the form ax? + bx +c =; 
ax? + bx +e =a y? +b y +e; ax? + by? +c =z? and ax? + bey + cy? 
= 22. It is worthmentioning here that solution of some of these 
types of equations were rediscovered in Europe by Euler (1733 A.D.) 
and Lagrange’s (1767 A.D.). He also studied single interminate 
equations of higher degree like ax?" +? + bx?” = y? ; where n is an 
integer; cube pulveriser like bx + c = y? ; double equations of first 
or second or higher degrees and equations of the formaxy = bx + cy 
+ d. He also gave geometrical demonstration of the equation 
axy = bx +ey +d. IS 

To construct a rational right triangle Bhaskaracharya gave the 
rule in this verse: 


eee feet Ad: HAN: 
aiam Ba: A Say Fan San AAT 


(Bijaganita 129) 
i. e. if square of the difference of bhuja and koti is combined with 
twice of their product then sum of their squares can be obtained. 
To demonstrate it geometrically, 
take PQR, a right triangle, right 
angled at P, then four triangles 
similar to it e arranged together in 
such a way that hypotenuse of these 
triangles form the sides of square 
QRTS and form one small square at 
the centre with side equal to the dif- 
ference of bhuja and Kotii.e. PR- PQ. 
Then area of all triangles is equal to 


S T 


1 . i 
4 xPQx PR=2PQ.PR| and 


area of the bigger square = area of small square + area of all four 
triangles 


ie, QR? = (PR ~ PQ)? + 2PQ . PR = PR? PG. 
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For right angled triangle, he P 
gave the following proof which was 
also rediscovered in West by Wallis 
in 1693 A.D. 
Let PQR be right triangle right 
angled at P. Draw perpendicular PS 
on QR. Then the triangles QRP, QPS Q S R 
and PRS are similar. Therefore, 


QP Qs or, QP*=QR.QS 
Similarly, PR? = QR.SR 
By adding these we get, 
QP? + PR? = QR(QS + SR) = QR? 
Bhaskaracharya presented a new solution to find the sides of a 


right triangle whose one side containing the right angle is given, in 
this verse 


per fa 
wife: yag SIT qa Suff 
wea A ITA 


(Lilavati) 
Let base be given say x, if it is multiplied by twice of an 


£ 


assumed number sayp, then Koti is aP and Karna (hypotenuse) 
5 1 

2ĩ * 

p 1 


is -K. This result is further improved by taking given side 


2 
as hypotenuse, then sides of right triangle should be 2 


p +1 
F 2xpꝰ 
p’ +1 
To construct a rational quadrilateral Bhaskaracharya expressed 
that two different rational right triangles are to be taken and from 
them two other triangles are to be constructed by multiplying the 
sides of these triangles by the hypotenuse of other triangle e.g. le 
triangles with given sides be (3, 4, 5) and (5, 12, 13), then other two 
triangles can be formed in this way : (3 x 13, 4 x 13, 5 x 13) or (39, 


X. 
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52, 65) and (5 x 5, 12 x 5, 13 x 5) or (25, 60, 65). The newly formed 
two triangles have the same hypotenuse and so these triangles can 
be juxtaposed with the common hypotenuse. This common hypot- 
enuse will be one of the diagonals of quadrilateral and it will also 
pe the diameter of circle inscribing this quadrilateral. 
Bhaskaracharya also gave several other rules related to various 
plane figures which look quite similar to those which were enunci- 
ated by his predecessors and simply can be considered reproduc- 
tion of those rules. 

To find the value of circumference of a circle and thereafter the 
gross value of z Bhaskaracharya expressed that 


(Lilavati) 
i. e. the sukshma value of circumference can be found when diam- 
eter is multiplied by 3927 and divided by 1250, but when diameter 


is multiplied by 22 and divided by 7, it gives the gross value of 
circumference. 


3920 l 22 
Therefore c= T250 d (precise value) and c = F d (gross 
; ; 3927 
value). This result gives the suksma and gross value of & as 1250 


22 3927 
and. — i iir 
7 respectively, where 1250 3.1416... 


Bhaskaracharya gave a rule to find the approximate value of 
chord in this verse as 


Wisse: Waa: N 
Wary sR syed aT: 
Sara Ge ts watered 
CAS RATAN FIAT FATT 


(Lilavati) 


if lis chord of the arc a, and d diameter and c circumference 
of the circle then 


i. e., 
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E 4d(c - aja 


He gave correct formula for the volume of a sphere in this verse 
sass Why saws wei N- 
ap aea: Seta aT 
TAA wey a Wel Pom Spa 

(Lilavati) 
According to it, 


, : d 
area of a circle = circumference 4 } 


2 
= ae =a. 72 
4 


The surface area of a sphere 
= 4 area of its great circle = AN 


Volume of sphere = surface area ( =| = 3 rs 
\ 


The method to find surface area of a sphere is explained by him. 
in following verse : 


Te Ue: Heat AAA: 
qe gerry gare fer: 
TTA aya WT Veta 
za: paf: We ar wrer) 
amare ATEC WS: Ware! 
mea eT aeina] 
wa ayra WH fe Wet ore GA d: 
aft are SAs Taps Wa EA, 
(Siddhanta Siromani, Goladhyaya 58-61) 


According to it, 

the whole surface area of sphere should be equal to the pro 
of the d and 2nr i.e. 4nr’. 
where diameter = area of one Vapraka 


duct) 
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and area of one Vapraka 


"ai e, 


y 
x i r 
LF VIN NG ~ 4 


77 
which is found by taking the sum of all trapezia 


like PQRS, RSTU and so on 


He enunciated beauifully the rule to find the 
volume of frustum of a pyramid in this verse: 


g fraie gi wate: 


RTEA UULA WEG WTE PPN 


WITTE PMT: AA EA waf 


iLilavaty 
From this verse, the volume of the frustum of a pyramid on a 
rectangular base with dimensans p and g of base and p and g of 


the top, and height h should be equal to 
pip e | . i 
A } an G i the valume of the frustrum of a cone 
1,7 +d," +(d, +d,)* | 
should be equal to nh i me k. 2a ! s where d, and d, are 
| 6.4 | y s 


diameters af the base and top 


Volume of a pyramid with rectangular base should be 
1 
3 (py. A), 


| Bhaskaracharya’s contribution in the field of trignometry is also 
of high importance. He very clearly expressed the concept of jya 
equivalent to half chard and explained that the arrow between bow 
and bow string should be considered as versed sine. He made n 
Clear that in a circle quadrants should be four and they should be 
odd and even successively. To get the values of R sine and R cosine 
he expressed that, take a point on the circumference of a circle, the 
Perpendicular distance of that point from the east to west line is 
dub gyn c. R sine and its distance from north to south line is Kot 
Ware R cosine and corresponding ares to these are called bhuja 
and Koti Ifthe point moves in anticlockwise direction the value ol 
K sine increases and it becomes equal to the radius R at the end of 
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the quadrant, correspondingly the value of R cosine decreases and 
it becomes zero at the end of the quadrant. Bhaskaracharya formu- 
lated following trignometric identities and applied them to solve 
various problems 


(i) R? - (R sin A} = (R cos A)? 
(ii) R sin A = R cos 24 


(iii) av jya? A + utkramajya? A =jya ($) 
or 1 fain? A+versin? A = sin ($) 
? 2 
[R tk jya A 
Gu) 5 xu > ee 2 
* sin KA 2 
or — — sin * 
2 2 
(v) jya (eA) Re 
2 2 


cin ( ). EEA 


(vi) = fiya A- jya.B}? + (kojya A- kojya B)? =jya | 2 — 
or 5 Visin A = sin B)? +(cos A- cos B)? = sin F] 
/ 


2 


77 p : 
wi a A-koa AY yg OAA) 


2 2 
(sin A- cos A)? = -A)- — 
or = sin | —— AE 
l 2 22 
(R sin A)? 


LLL in (90° - 2A) = R 
(viit) R sin ( ) R72) 

1 02 jya A x kojya B jya B x kojya A 

(ix) ya (A+ B) = „ 
or sin (A + B) = sin A cos B + cos A sin B 
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These two formulas were named by Bhaskaracharya as Samasa- 
bhavana and antara-bhavana. He also gave the formulae for multi- 
ple angles which are equivalent to followings in modern trignometry. 

sin 20 = 2 sin 8 cos 0 

cos 20 = cos? 0 sin? 6 

sin 46 = 2 sin 26 cos 2 8 

cos 46 = cost 6 - 6 sin? 0 cos? 0 + sin’ 6 

sin 30 = 3 sin 6 cos? 6 — sin? 0 

cos 36 = cos? 0 - 3 cos 6 sin? 0 

sin 50 = sin 20 cos 30 + cos 20 sin 30 

cos 58 = cos 20 cos 3@ — sin 20 sin 30 
sin 6 = sin 36 cos 26 — cos 30 sin 20 


To find the value of R sine and R cosine for the angle 30° he 
stated that if a regular hexagon is inscribed in a circle then its side 
will be equal to the radius of the circle, so the value of R sin 30° 
should be half the radius. He gave following results as 


1 
jya 18 R. R) 


jya 36° = 6R? VR) 
Bhaskaracharya also gave a rule to compute the approximate 


77 
values of sin and stated that “multiply the diameter of a circle 
n. 
by 103923, 84853, 70534, 60000, 52055, 45922 and 41031 and divide 
the products by 12000, the quotient will be the sides of regular 
polygon inscribed in a circle from the triangle to the enneagon 


respectively” 15 A E 
According to it, 
103923 
sae) - o 
4 20000 < (0:866020) 
SSD | E E x (0.7071083) 
120000 
m 
120000 | = P * (0-587783) 
5,= y 60000 ie 
120000 } = P * (0.5) 


108 THE GREAT ARCHITECTS OF MATHEMATICS (VOLUME 


52055 
D ] =D x0. | 
S, 5 (120000 D 04337916) 


p (420000 r 
Ss = D 120000 = D x (0.382683) 


. 41031 

\ 120000 

From these, we can find following values: 
sin 60° = 0.866025 


sin 45° = 0.7071083 
sin 36° = 0.587783 


S,=D ) = D x (0.341925) 


sin 7 = 0.4337916 
; T . 


sin [( = 0.341925 
\9/ 
It can be put in general form as 
S. =D sin (=) where D is diameter. 
n 


Bhaskaracharya also constructed the tables for R sines and 
versed R sines and their difference for the interval of 3° 45’ of a 
circle of radius 34 38’. He gave several methods to construct it. His 
first method is almost same as graphic method of Brahmagupta ; 
second method is also similar to Brahmgupta’s theoritical method, 
the third method is same as described by Aryabhatta II. The fourth 
method is devised by applying the formula 


1 21105 
R sin 2 6-5) -R sina -R sin 802 + (R cos d= R cos P) } 
The fifth method is based on the formula 
. . 
R sin k = 4 = fra cos - R sin ) 
To avoid the square root in computations as involved in all o 


0 
the above mentioned five methods, he propounded a new met 
or sixth method by using the formula 
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XR sin d) 
R 


The seventh method of Bhaskaracharya to construct a table of 
twenty four R sines is expressed in this formula as 


R cos 20 R 


jya na), 100 
467 ) 1529 
where n=1,2,3..... 24, a= 3° 45’ 


kojya (na) 


jya (na + a) = iva nd 


1 
and jya d= 225 — 7 224.856 ... 


In 1858 A.D. Pandit Bapu Deva Sastri first time expounded 
the fact that Bhaskaracharya used the notion of differential in 
Siddhantasiromani and it can be translated in modern notations 
as ô sin @ = cos @ 66. This concept was developed by him to study the 
instantaneous motion of a planet and the position angle of the eclip- 
tic in the chapter Spastadhikara of Siddhantasiromani. He described 
the concept of tatkalika-gati as instantaneous motion with refer- 
ence to the planetary motion. This tat-kalika gati, he considered as 
suksma i.e. very small and the very small interval of time equiva- 
lent to a Ksena, which according to Hindu scholars is a quantity 
immeasurably small and can be compared with an infinitesimal 
interval of time. In fact, Bhaskaracharya, while taking the sine 
differences, introduced the notion of tat-kalika-bhogya khand i.e. 
instantaneous sine difference and expressed that 


joa aiern Wore N: 
Se Tee 
sin = sin © = ( — ) cos w 
which can be put in modern notations as 
8 sin () = cos w w 

Bhaskaracharya also calculated the changes in the sine chord 
(bhuja jya) and cosine chord (kotijya) as 

bhuja khanda or sine difference 


Le, 


cosine chord x increase in the arc 


7 radius 
Kotijyakhanda or cosine difference 


sine chord * increase in the are 
radius 
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which can be transformed into modern notations as 


R dx 
d(R sin x) = 5 
R sin x .dx r 
and d(R cos x) = a il 


Bapu Deva Shastri presented the talkaliki motion of a plane 
of Bhaskaracharya in this way, letx, x be the mean longitudes of 
planet on two successive days, y, / the mean anomalies, u, u th 
true longitudes and a the sine of the greatest equation of the orbit 
then 


a cos 
u -U & — X+ I (y’ —y) 
R 
a cos 
or du = dx + 2 dy 


The third important result related to differentials given by 
Bhaskaracharya is method of finding ayana-valana, where ayana- 
valana, is the sine of required angle i.e. 


48 R cos I. R sin © 
Ral R cos @ 


where, I and ô be celestial longitude and its corresponding 
declination of the ecliptic and w, the obliquity of the ecliptic. 


Bhaskaracharya also presented two very important results 
which are now considered equivalent to mean value theorems as 
(i) When a variable gets its maximum value, its differential 
becomes zero. 
(ii) TIES WS wa 
qaia Wea war 
When a planet is either in apogee or in perigee, the equation of 
the centre vanishes, which in turn gives the result that, for a 
intermediate position the increment of the equation of the centre 
i.e. its differential also becomes zero, This second result is now c 
sidered as the clear exposition of the famous Rolle’s theorem, 
mean value theorem of differential calculus. BE. 
The earliest traces of integral calculus were found in 19 
Goladhyaya of Bhaskaracharya, where he used the concept of fhe 
gration to find the area of a circle, volume and surface are? ° je i8 
sphere. To find the area of a circle he descirbed that if circle 
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divided into large number of triangles with common vertex at the 
centre of circle and base on the circumference then by using the 
concept of summation of very large number of small units in the 
form of triangles, the value can be obtained. Similarly, he used the 
concept of summation to find the volume and surface area of sphere. 
It is again interesting to mention here that in these cases he was 
considering the summation of infinitesimal quantities and apply- 
ing it in different setting to reach closer to the exact value, 


9 


ror tay! 2 eh * 3 — à 2 zS, 34-5 N 
ee bait ads bie det tome 2 N E 
at gy = . 
A reer 7 5 ‘ 
I N l | 
7. Narayana Pandit 
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3 end 
Nrn. 
N 2 * 


Narayana Pandit was probably born in 1340 A. D. His father 
Was Narasimha. Though we do not have sufficient and authentic 
informations about the life history of Narayana Pandit but few in- 
ferences are made on the basis of available literature of that time 
and the kind of work done by him. Most of the scholars believe that 
he followed the tradition of Aryabhata school. He wrote the math- 
ematical text Ganita Kaumudi” which covers almost all aspects of 
mathematical knowledge of his time. He used different words for 
different numbers particularly successive multiples of ten like Eka 
(1), dasa (10), shata (102), sahasra (105), ayuta (104), laksha (105), 
prayuta (106), koti (107), arbuda (108), saroja (10°), kharva (1010), 
nikharva (1014), mahapadma (1012), shanku (101%) etc. 

In Ganita Kaumudi, he dealt with mathematical operations on 
numbers and gave an algorithm for multiplication of numbers and 
described a special method for squaring the number. He stated that 
square of the difference plus four times the product is the square of 
the sum. It can be expressed algebraically as (a + ö)? = (a - 6) 
+ 4ab. Narayana Pandit was the first Hindu mathematician to 
devise the rules for testing operations with the help of any desired 
number and clearly defined the rules to express the operations with 
zero. He also stated that the square of positive and negative number 
is positive, the square root of positive number will be positive and 
also negative. The negative number being nonsquare has no square 
root. For finding the square root of any algebraic expression he 

gave the rule that “first find the roots of square terms of giveP 
expression, then product of two and two of their roots multiplied by 
two should be subtracted from the remaining terms, result thus 
obtained is square root of given expression” 


(Datta & Singh, page 28) 
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Narayana Pandit also solved many other algebraic equations 
of higher degree. For the equations like 


x? + y? =p 
x-y=q 


He gave the solution as x + y = 29 —92 
f 1 
and x = Al 254 + p) y= 205 ~q° — p). Similarly, for the 


equationsx? —y” =r ; xy =s solution should bex? = 20 7 ＋ 482 +r) 


and y? = 50 12 4 482 7). 


Narayana Pandit also solved indeterminate equations of the 
form by -ax =+c and Nx? +c =. He presented a beautiful method 
to find the approximate value of square root by using indetermi- 
nate equation of the type Nx? + 1 = y?, where N is the number 
whose square root is to be calculated. To find the approximate value 
of squate root of N it is considered that if x and y are pair of the 
roots of equation Nx? + 1 = 5, with the condition x < y, then square 


root of N should be equal to 2 . To demonstrate this notion, he took 
x 


different pairs of roots to find the square root of 10, which has lot of 
mathematical importance in solving different problems. For the 
Square root of 10, first he considered the value of x = 6 and y = 19, 


19 
so V10 = F Yia 3.1666 666 666 666 666, which is correct upto two 


Places of decimals. He then took the values of x and y as 228 and 
721 respectively and 


721 
J10 = “= = 3,1622807017543859 


12105 is correct upto four places of decimals. Finally he took the 
alues of x and y as 8658 and 227379 respectively, so that 


227379 
V10 = 8655 —3.162277 6622776622777 


ight places of decimals. 


yana Pandit also expressed it in clear terms that for the 


8 of the form Nx? — 1 =y2, solution is not possible, unless à 
e sum of two squares. 


Which is correct to e 


Nara 
equation 


~ > 
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2 = 1= 525 here 13 = 22 + 32, so its two rational solutions 


3°3 
indeterminate equations of higher degrees like. 
(i) x3 + y3 =x? + y? 
(ii) (x + y) = xy 
He presented the solutions of these equations as 


5 are (3 2 and G 3 He also solved problems related to single 
2 2 


(p? 44205 (p? +q?) 
Solution. (i) x = —; .= , ¥ = — 
pP’ p° +g’ 


Pq „ p 
a.) 3 
(p+q) (p+q) 
for any rational values p and q. 


In Ganita Kaumudi, Narayana Pandit also dealt with number 
sequences and solved many problems related to arithmetic 
progression. He also demonstrated the geometrical aspects of these 
arithmetic progressions by representing them by isosceles trapezia 
where the areas of these trapezia remain equal to the sum of the 
series. He also discussed in detail the rules for the formation of 
magic squares and other similar figures. The rules for the formation 
of even and odd perfect magic squares with magic triangles, 
rectangles and circles are also explained elaborately in this text. 
He also formulated a rule to estabilish the relation between magic 
squares and arithmetic series and presented the methods to find 
the horizontal and vertical difference by taking into consideration 
the first term of magic square and number of total terms in it. 
Narayana Pandit also gave the rules to find the areas, altitudes 
and diagonal of various geometrical figures like triangle, 
quadrilateral, trapezium, circle etc. He advanced further the 
analysis of cyclic quadrilateral by introducing the theorem of three 

diagonals as 


adaga Wars aad ae fafa 
Bre Tad: at ee aise wats 


(Ganita Kaumudi 1o 
According to this sloka, the third diagonal in case of cyclic gm F 
rilateral, named as para can be obtained, when the top n A 
flank side of any quadrilateral are interchanged. With the 18 i | 
these three diagonals the area of cyclic quadrilateral can a 8 
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ee eee 
calculated according to the rule given by Narayana Pandit in this 
verse 


frm a fara Aaaa aay 


(Ganita Kaumudi 52) 
ie. if we divide the product of three diagonals by twice the 
circumdiameter we get the area of cyclic quadrilateral. 

Area of quadrilateral ABCD 


AC. AC“. BD 
år 
AC. AC’. BD 
5 2d 
These three diagonals remain 
equal in a square and in that 
trapezium whose three sides are 
equal. Narayana Pandit also 
introduced a new type of trapezium 
named as Karanabhusana, in which 


the diagonals have the same length as the base. He gave various 
expression to find circumradius as 


(t) Circumradius 


1 (Product of diagonals) x (Product of flanks) 
~ 9 Product of altitudes 


e the product of three diagonals 
4 x area of quadrilateral 
Narayana Pandit analysed the 
Properties of quadrilaterals in detail R 
and explained them in different 
verses in Ganita Kaumudi. These are 
Swen below in compact form S 


(i) area of quadrilateral PQRS 


FPR (PS. SR + PQ.QR) 
4 x radius 
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(ii) If a, b, c, d are the sides of 
given quadrilateral and r is 
circumradius of first quadri- 
lateral then the sides of second 


quadrilateral are Jir’ -a? 
Jár? =b" ? Jár? -c° 
War- d? 


PS. PG. PR 
PS. PG RQ. RS 


RQ. RS. RP 
PS. PG RQ. RS 


PO. OR. OS 
i PQ.QR+PS.SR 


PS.SR.SQ 
PQ.QR+PS.SR 


(iv) SL = PT x 2(area of PT x 2(area of quadrilateral) 


=  PRxPQU o 
Q S——_ NR 
RN = QT x 2(area of quadrilateral) 
QS x PQ 

TM = PT. T. PS. QR 
2(circumradius) 

It is also believed that Narayana Pan- 

dit was also aware of the properties that 

(i) the angle in a semicircle is a 


right angle 

(ii) the angles in the same segments of a circle 
Narayna Pandit also gave a very interesting ru 
circumradius and area of triangle in Ganita Kaumu j 


aama À cea iara ANR: 
eee wT TTT 


(iii) PT = 


RT = 


ST = 


are equal 
le for the 


4390 
(Ganita Kaumudi z 


a 
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maamo n o 
According to this sloka circumradius P 
should be equal to 
For the area of triangle he expressed 
that 
agog pta a gaai ai ain O S R 


(Ganita Kaumudi 134) 
According to this sloka, area of triangle should be equal to prod- 


uct of the sides of the triangle divided by four times the 
circumradius, 


i.e. ifa, b,c are sides of the triangle and r the circumradius then 
area of the triangle is T : 


To find the area of space enclosed by three or more equal, mu- 
tually touching circles he gave the rule as 

area of enclosed space is equal to the area of equilateral trian- 
gle ABC of side equal to the diameter of the circle minus half area 


of one circle. 


Similarly, if four circles of equal radius mutually touch each 
other then area of enclosed space should be equal to area of square, 
With vertices at the centres of four circles and side equal to the 
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, ae nd? 
diameter of these circles minus the area of one circle i. e. d? - 


4 3 
where d is diameter of circle. 

Narayana Pandit also represented geometrically the arithmetic 
series even with fractional or negative periods. We describe below 
the rules given by him to demonstrate any arithmetic series in the 
form of trapezium and conversely, converting a trapezium into an 
arithmetic series. The rules given below are translated by T.S, 
Amma from the original verses given in Ganita Kaumudi 

(i) the first term of the series diminished by half the common 
difference in the face, the product of the period and common 
difference increased by the face is the base, the period is 
the altitude and the area is the sum of the series. The 
fraction of the altitude multiplied by the common difference 
and combined with its own face is the base of any segment 
of the trapezium. 

(ii) the base diminished by the face and divided by the altitude 
is the common difference ; the face combined with half the 
common difference is the first term, the altitude is the 
period and the area is the sum of arithmetic progression. 
If the face is negative, the first term and common difference 
can be obtained only if the altitudes at the middle is equal 
to the altitudes at the vertices, not otherwise in a 
quadrilateral of unequal sides. 

Narayana Pandit also gave the rule for construction of integral 
triangles whose sides differ by one unit of length and which gontain 
two right angled triangle of integral sides and common Antegral 
altitude. In case of inscribed polygons, he also stated that arc can 
be determined by dividing the circumference by the number of sides 
of that polygon. 


18. Madhava of Sangamangrama 


Madhava was born probably in 1340 A.D. in the South West 
Coast of Kerala, near Cochin. He was a versatile mathematician 
and astronomer from Kerala, who profoundly contributed in differ- 
ent branches of mathematics like, Mathematical Analysis, Calcu- 
lus, Trigonometry, Geometry and Algebra. He was founder of Kerala 
School of Mathematics. Though, none of his mathematical texts are 
available now which are considered lost for some unknown reasons 
but his theorems, formulae, derivations, proofs, expositions and 
some profound idea of immense mathematical importance are found 
in the works of other scholars of later period particularly in the 
Yuktibhasa of Jyesthadeva, Tantra Sangraha of Nilakantha Somyaji 
and Kriyakramakari. Jyesthadeva gave the references of Madhava's 
theorems and other expositions in Yuktibhasa and explained them 
in vernacular language Malyalam. With these references, now it is 
understood that Madhava discovered and explained the concepts 
related to expansion of trignometric functions, approximations to 
rational value of x, methods of polynomial expansions, tests of con- 
vergence of infinite series, analysis of infinite continued fractions 
etc. He also constructed sine and cosine tables upto the accuracy of 
12 and 9 places of decimals respectively. He generated the ideas 
related to differentials and integrals and solved many problems by 
using term by term integration. He also presented the iterative 
solution of transcendental equations. It is highly interesting that 
Madhava gave the expansions of trigonometric functions like sin x, 
cos x, tan x, tan! x etc. around 1400 A.D., almost three hundred 
years before the period when the same concepts were conceived, 
Mtroduced and rediscovered in Europe. These remarkable contri- 
butions of Madhava were also referred to in the works of his follow- 
ers namely Mahajyanayana Prakara i.e. method of computing the 
Breat sines, In Yuktibhasa we find the references of sine and co- 
Sine series, which are attributed to Madhava. The sine series is 

explained in following verse as 
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Aea ay ai art wad ef 4 
By aq Bl: WAR 
ay wet a asl sear aa 
CVVT 
(Quoted in Yuktibhasa p. 190) 
On the basis of this sloka various terms can be obtained in the 


following manner, if! is the arc andr the radius then the values of 
these terms are 


„ 
(2 ＋ 2) r? 672 3172 


Pr r A 
31047 1207“ 51“ 

Pr i * 
51(662 T6) r 51 CF. rs 7178 

AN 8 4 


7182 8) r 7109.8) 78 9075 
Hence sine chord is equal to 
ig i 4 1° 
3172 i 5177 F Tir? äi 9178 
Similarly, the versed sine is explaind in following verse 


fea anai i ag, weit 3 


12 


2322 


(Yuktibhasa) 
According to this verse, the expansion of versed sine should be 
equal to 
5 i 2 
-a S 
2r 2a i2 2.12" 30 
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or —- 


where / is the arc and r the radius. 
In these above two expansions if we put / = r8, then we get 


sin 8 = 6 — —+— -—-+— ,,.., 
3! 5! 7! 9! 
and for cosine-chord, the value should be 
12 74 76 


F 


Seat =o 
217 4!r? 6175 


and putting l= r9, we get 


eo 1 217 A 61 Rak 
Considering that the sine and cosine chords are r sin 6 and 
r cos 0 respectively. 


It is pertinent to mention here that the power series expan- 
sions of sin x and cos x can also be obtained directly by following 
the Karanapaddhati system, in which Madhavas’s verses can also 
get expressed directly and series are found straightway. In 
Kriyakarmakari also we find a verse which expresses an infinite 
series in the powers of sine chord and cosine chord for any given 
arc. The discovery of this very important result is also attributed to 
Madhava in this text. It is quiet interesting to note that this result 
was rediscovered in Europe after three centuries of Madhava’s dis- 
covery, by Gregory (1671 A.D.) and Leibnitz (1673 A.D.), who pre- 
sented this result in the form 


3 g 


tan`! 8 = 8 — 35 + 5 to infinity 
Madhavas's verse regarding this series, quoted in 
Kriyakramakri is: 
fe ee eee e Wy Wei 
Fa ee AT e c= 
eee e Ty eee: 


were += 
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ard 2 aie aga 
À: meinen aerate FT! 
(Kriyakramakari p. 692-693) 
According to this sloka, if S and C are the sine and cosine chords 


respectively, then the terms in the expansion of the arc should be 
like 


Sr. Sr S? Sr St Sr 8⁵ Sr ie Sr st 


Further these terms to be combined in such a way that sum of 


the terms in even places is subtracted from the sum in the odd 
places to get the arc. i.e. 


2 185 1 85 | 
are = | — te eel t-r +Ê. 


3 c 7 C7 11 cu 


n 55 Searayar : 4057 
e 5 (CF 70 
1 Skifer pa 
9 Cy litc", 


Since, G7 tangent of an arc, and then in a circle of unit ra- 


mA 
* 


dius, 


1 


181 
5 


arc = Ex 155 + 2g 8 
8 T 


wheret = tan 8. 


Madhava gave very interesting rational approximations for x 
in the form of power series. This result is also given in Yuktibhasa 
as 


C= 4d — 3 * +... to infinity 


where C is circumference and d diameter of a circle and 1 = 


ALO 
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44 4 
n=4—-—+—-— +.. to infinit 
= a5 4 y 
n 1 4 1 5 
= 5 +... to infinity 


N 
this value of 4 can also be obtained from the series 


3 p 47 
are = t~ —+—~— +... to infinit 
3 5 7 z 
where f tan 0 
„ 
or tan it t- 7 F 7 +... to inifinity 
put ¢=1, we get 
1 1 
Ii 5 to infinity 


One another approximation of given by Madhava is in the 
form of word numerals, which is quoted in Kriyakramakari as 
Face ee Aa wee: 
Taras Gast Vas wa: 
(Kriyakramakari Page 668) 
According to this verse, if diameter of a circle is 900 000 000 000, 


then measure of its circumference should be 2, 827, 433, 388, 233. 
With this explanation it is clear that 


3 Circumference 2,827,43 3,388,233 
diameter 9, 00,000,000,000 


= 3.14159265359, which is correct upto ten places of deci- 
mals. Madhava also expressed another series for & as, 


* 1 { 

r = WAS |1- -= = . do infinite 
8 4 

From this series he computed the value ofr correct upto eleven 

ces of decimals. But with these quite closer approximations ofn 

0, Madhava was not satisfied and he wanted to devise a formula 

which can approach very nearer to the exact value of x, for which 


pla 
als 


i T 
he introduced one additional term R, in the expansion of J as, 
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where the value of this additional term R, he fixed either of these 
three i. e. 


21 


1 n n? +1 
or 


— or -z 
ån an +1 An + 5n 


With these results it becomes clear that Madhava was a brilliant 
mathematician, who introduced and discovered several concepts of 
modern mathematics centuries before they became the part of 
treasure of modern mathematical world, with the false notion of 
their Western origin. In fact Madhava’s exemplary work needs to 
be reexplored and due credit should be given to him for such 
pioneering work in different branches of mathematics. To 
substantiate this point here it would be appropriate to quote Joseph, 
about the achievements of Madhava as “we may consider Madhava 
to have been the founder of mathematical analysis. Some of his 
discoveries in this field show him to have possessed extraordinary 
intuition ; making him almost the equal of the more recent intuitive 
genius Srinivasa Ramanujan, who spent his childhood and youth 
at Kumbakonam not far from Madhava’s birth place”. It is really 
unfortunate that even with such an extraordinary work to his credit 
Madhava remained in oblivion for long in the eyes of modern 
mathematicians throughout the world. Though it is also true that 
his major contributions in the areas of mathematics could not 
survive and whatever came to the fore, it was only due to the 
references, quotations, proofs, derivations, expositions etc given by 
his successors in their own mathematical text, with a great sense 
of honesty by attributing such references to the original contributor 
i.e. Madhava. Rajagopal and Rangachari, considering Madhavas 

remarkable: achievements in the field of mathematics expressed 
their views in these words, “Madhava took the decisive steps 
onwards for the finite procedures of ancient mathematics to treat 


their limit passage to infinity, which is the kernal of modern classical 
analysis”. 
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19. Parameswara 


Parameswara was born probably in 1370 A.D. at a village 
Alattur of Kerala state. He was the follower of Asvalayana Sutra of 
Rgvedin and belonged to the Bhrgu Gotra. His house Vatasseri was 
situated towards the North bank of river Nila, nearer to the 
confluence of Nile with the Arabian sea. From the works of 
Parameswara it is believed that Rudra was his teacher and he also 
got teachings from other great scholars of mathematics and 
astronomy particularly Madhava and Narayana. With the 
influences of these great scholars Parameswara later on became 
an important mathematician to extend the legacy of Kerala School 
of Mathematics. He enriched the treasure of Kerala school of 
mathematics and wrote more than thirty books related to astronomy 
and mathematics. Out of these his important contributions in the 
area of astronomy are the Drgganitam, three texts on spherics 
named as Goldipika volume I to III, three texts related to eclipses 
namely Grahanastaka, Grahanamandana and Grahana-Nyaya- 

lpika, one text related to the shadow of moon named as Candra- 
Cchaya-Ganitam and a text related to the calculations on the 
mnemonic tables named as Vakyakarana. Parameswara also wrote 
humber of commentaries on the works of his predecessors in the 
held of mathematics. Out of which the most celebrated 
commentaries written by him are related to the texts Aryabhatiyam 
of Aryabhata ; Mahabhaskariyam and Laghubhaskariyam of 
asikara I ; Lilavati of Bhaskara II, Laghumanasam of Manjula, 
saa Siddhanta, Vyatipatastaka, Goladipika I and 
even D nika These commentaries are considered very useful 
n ea ay by scholars to understand the various concepts of 
matical and astronomical importance. The commentary of 

con fee on the Manjulas astronomical work “Laghumanasam” 
Systeme topics like the mean motions of the heavenly bodies, the 

S of coordinates, direction, place and time, eclipses of the 
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sun and the moon, the operation for apparent longitude etc. In the 
commentary on Arybhatiyam of Aryabhata, Parameswara gave 
several examples to determine the height of different vertical objects 
from the lengths of their shadows. One of the remarkable 
contributions of the Parameswara was related to the version of mean 
value theorem which he explained in his commentary Lilavati 
Bhasya on the text Lilavati of Bhaskara II. It seems that this result 
he could obtain because of the influence of Madhava’s teachings on 
him. Govindasvami wrote one commentary the Bhasya, on the 
Bhaskara I’s work Mahabhaskariya. Parameswara further wrote a 
commentary Siddantadipika on the Bhasya of Govindasvami, in 
which he gave interactive techniques to calculate the sine of a given 
angle with mean value formula to find inverse interpolation of the 
sine. In this text he also presented some of his observations on 
eclipses made at Navaksetra in 1422 A.D. and at Gokarana in 1425 
A.D. and 1430 A.D. Parameswara made number of observations on 
the eclipses from 1393 A.D. to 1445 A.D., and on the basis of these 
observations he made some revisions in the planetary parameters. 
Parameswara followed a rigorous exercise for repeated observations, 
experimentation recording and checking of the observations, 
comparing these observed values with actual values and computing 
the margin of difference, analysing these observations and 
differences with the predetermined postulates and then making 
necessary corrections to reduce the margin of difference between 
actual and experimented values. In Drgganitam, he clearly stated 
that the actual positions of the planets seen by eye differ from the 
computed value of the positions of these planets according to 
Parahita system. Taking note of such flaws on the prevailed 
Parahita system of computations of that time, he suggested 
necessary corrections in due course of time by saying that. 
Paramesvara while doing extensive work in Grahanmandana 
observed that the values obtained through calculations and observed 
positions generally differ. Paramesvara when got fully convinced 
that the existing Parhita system propounded by Haridatta centuries 
before, cannot give correct values and there is always a scope 0 
getting differences in the computed values and actual values, then 
he introduced his own system of computation in his text Drgganitam, 
named as Drk system. In this Drk system he improved th 
multipliers and divisors and made minute corrections for th 
position of planets. He also made many corrections in respect 0 
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the mean longitudes of the sum, the moon, mandooca and the node 
The values of mandajya (sines of arc) and sighra-jya (conjunction) 
were also revised and then calculated for the interval of 6°. The 
observations and experimentations of Paramesvara in the field of 
astronomy are remarkable. It is interesting to note here that 
researchers of present age also have accepted the fact that 
Parameswara was the first astronomer who gave the idea about 
the heliocentric model of planets., which was introduced in the West 
by Copernicus even many years after to the period of Paramesvara. 


Paramesvara also explained several theorems, rules and 
propositions enunciated by his predecessors in his commentaries. 
He analysed the properties related to quadrilateral in general, and 
cyclic quadrilateral in particular with a deep sense of insight. 
Regarding quadrilaterals he expressed that 


aa Fac Saas AA aH 
4 Spe vadifal wasnt 
Sapa wanes Fara! 


This makes it clear that the exact area of any quadrilateral can 
be calculated by applying the formula Sarvadoryutidala etc. i. e. 


A = q -= = (s - d) 


Paramesvara further made it clear in other verse that 
constructing two rational right angled triangles with the four sides 
of any quadrilateral, the three diagonals can also be calculated with 
their help; for which the longest. and least sides of quadrilateral 
Should be divided by any arbitrary number, the value of these 
quotients will give the base and perpendicular side respectively. 
With the help of these two i.e. base and perpendicular, hypotenuse 
can be calculated, which produce one Jatyai.e. rational right angled 
triangle. Now by the hypotenuse of first Jatya, other two sides of 
quadrilateral should be divided, which will give the base and 
Perpendicular of other jatya. Further, from these two Jatyas the 
diagonals of quadrilateral are calculated and from all four vertices 
of this quadrilateral circle also passes. 

_ Parameswara gave one interesting formula to find the 
circumradius of a cyclic quadrilateral in terms of its sides in his 
commentary on the Lilavati. He was the first mathematician who 
established this relation in between the sides and circumradius, 
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this result was rediscovered by Lhuilier in 1782 A.D. more 
than two centuries after in Europe. The verse related to this formula 


is 
Ua aaa AY - Wirt 
were Ged far fte 
ud agia 8a ast afed 
According to this verse, if a, b, c and d are the sides of any 
quadrilateral then the product of two sides taken at a time and 
their sum, resulting in total three sums of this form, multiplied 
together gives (ab + cd) (ac + bd) (ad + be). Further, the four sums 
of sides, in which three are added at a time and diminished by fourth 
and then multiplied together gives the value (a + b + c- d) 
(b +c+d-a)(c+d+a-b)(d+a +b- ce). Again if the first product 
is divided by second product then the square root of this quantity 
will be radius and if a circle is drawn with this radius then whole 


quadrilateral will be situated within the circle having its vertices 
on the circumference of the circle 


(ab cd) (ac d) (ad + bc) 
(a+b+c—d){(b+ce+d-a)(c+d+a-—b) 
(d+a+b-c) 


Circumradius (r) = 


precisely if u = (ab + cd) (ac + bd) (ad + bc) 


v=(at+b+c-d)(b+c+d—a)(c+d+a—b)(d+a+b-c) then 
r2=ulv. 


* 


20. Nilkantha Somayaji 
1444-1544 A.D.) 


Nilkantha Somayaji was a great astronomer and 
mathematician. He is considered now an ardent exponent of 
Aryabhata school. Nilakantha Somayaji was Nambudiri Brahmin 
of Gargya gotra and his family people and ancestors were the 
follower of Asvalayana Sutra of Rgveda and worshipped the deity 
Soma, who is considered as master of plants and the healer of 
diseases. He was adorned by the title Somayaji because of being 
the devotee of Soma and this title sometimes also pronounced as 
Somabut or Somabutvan or Comatiri in Malyalam. He was born on 
June 17, 1444 in the village Trikkansliyur near Tirur in Kerala. He 
was educated in Astronomy, Mathematics and Vedanta by most 
respected teachers Ravi and Damodara. Guru Ravi taught him 
Vedanta and some basics of Astronomy whereas, Guru Damodara 
taught him Mathematics and Astronomy. It is interesting to mention 
here that Guru Damodara was the son of another great astronomer 
Parameswara, who propounded the Drk system of astronomy and 
was also the follower of the Asvalayana Sutra of Rgveda. Damodara 
trained Nilakanth Somayaji in the teachings of his father 
Parameswara. It prompted Nilkantha to follow the path of 
arameswara and move further in that direction. He considered 
the basics of Parameswara vital in the field of Mathematics and 
tronomy. Nilakantha also referred Parameswara at several places 
and called him very reverentially, Param Guru. Nilakantha 
“omayaji authored number of texts related to Astronomy and 
athematics namely 
(i) Tantra Sangraha, containing 432 verses and centred 
towards Astronomy and Mathematics 
(iz) Bhasya on Aryabhatiyam, a detailed commentary on 
Aryabhata's work 
n sE) Golabara, concentrating on Spherical Astronomy 
(tv) Siddhanta-Darpana 
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(v) Chandra-Cchaya-Ganitam, dealing with calculations 
related to shadow of moon 


(vi) Sundararaja Prasnotara, giving details of the answers to 
the questions of Sundararaja related to astronomy. 


Out of these works Tantra Sangraha is major and important 
contribution of Nilakantha Somayaji in the field of Astronomy and 
Mathematics. This text now is an authentic source to get acquainted 
with the discoveries of Madhava another illustratious mathemati- 
cian of Kerala, whose original texts could not be traced till this 
time. Nilakantha referred Madhava’s rules, methods, theorems and 
verses in his texts and wherever necessary, extended the domain 
of the results discovered by Madhava and in many cases he also 
improved the results of Madhava, so that they could be applied in 
different situations appropriately. The results of Madhava and 
Nilakantha Somayaji were further referred and proved by another 
important mathematician of later period Jyesthadeva in his text 
Yuktibhasa. 


Tantra Sangraha covers various aspects of Hindu astronomy 
and primarily based on the epicyclic and eccentric models of 
planetary motion. It deals with the motions and longitudes of the 
plants, sun’s position on the celestial sphere and its relationships 
with the three systems of coordinates viz. ecliptic, equatorial and 
horizontal. He also covered other aspects of the eclipses of the sum 
and the moon, deviation of the longitudes of the sum and the moon 
rising and meetings of the moon and planets and finally the 
graphical representation of size and part of the moon illuminated 
by the sum. Nilakantha’s another work is Aryabhatiyabhasya, whic 
is a commentary on the Aryabhatiya of Aryabhata I. In this Bhasya, 
he referred two eclipses, which he observed on 6th March 1467 an 
28th July 1501 at Anantaksetra. In Golasara Nilakantha expresse 
the rules to use mathematical concept to calculate astronomica 
dates in fifty six Sanskrit verses; whereas Siddhanta Darpana i 
the text of Nilakantha, in which he described in detail the planetar 
system. The Chandra-Cchaya-Ganita is another text of Nilakantha 
where he explained the methods of computations to find the moon’ 
zenith distance. 

Current researches are also revealing the importan 
contributions done by the scholars of Kerala School of Mathematic 
in the fields of planetary theory. Nilkantha Somayaji mad 
significant revision of the older Indian planetary model for th 
inferior planets. He formulated correctly the equation of centre fe 
Mercury and Venus and described a heliocentric model of planeta 


i KANTHA Na —— AD) 


— 3 — — — —̃ — — 


e With this achievement Nilakantha (1444 1844 A D } took n 

ard in the aroa of netronomy ewan prior to Copernicus (14771. 
1% A D whe ie known to te the first wratern scholar to introduce 
the theory of brliocentricity, But it in interesting to note here thet 
Nilakantha got the clue about this revolutionary concept of 
planetary motion from his predecessor, Parameswara (1350 1545 
AD) 

In Tantra Sangraha, Nilakantha gave the result of Madhava 
risd to the following trgoncmetrical identity 

ein (A? Ble etn A com B: coe Ann 


Hut be almo presented an alternative proof for this by 
riprreeing ° 


ap e gis ur vist Zz 


Tantra Sangraha If) 

Aceurding to this aloka, eine chard of the eum of differoncn art 
cen be found by combining Ube raete af the differences of the aquarcs 
af the eine and it altitude He alao referred many ether vermoa of 
Madhava related to tagenametre functions ead their crapanspena 
in the form af power series Nilakantha used the eqncept of limit te 
Sadan approximate expresescn for an are gf tive circumference of a 
ede. (ram which finally he derived the eapanseen af are tant 


i P 7 F t 4 7 
(unn Sa» — 
a 5 + 
Prom thia serves, the Value af 4 can aloo be oltained by pulling 
Laal to bie, 


Nilakantha Somavaji also found many interesting series 
Rpanmona of x, like 


8 14 57 911 
12 } LE. 
4 231456 678 891 
x } 1 1 
< — v 
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Nilakantha also formulated following identities : 


* * dx 
sin (x + 6x) - sin x = 2 sin 2 cos 7 


* + 


2 


He also expressed that sin (x + 6x) — sin x varies as the value of 
cosine varies and corresponding to increase of the value of x, its 
value gets decreased. Similarly, the value of cos (x + 6x) — cos x 
varies as the value of sine varies negatively and when the value of 
x increases its value also get increased. It is interesting to note 
here that Nilakantha Somayaji made significant contributions 
towards the second order finite differences in interpolation, which 
were studied geometrically by using the properties of the circle and 
similar triangles. The second difference for sine difference and 
consine difference he denoted by A, (sin x) and A, cos (x) and 
explained them as 

(i) the difference of the sine difference varies as the sine 
negatively and numerically increases when value of the 
angle get increased 

(ti) the difference of the cosine difference varies as the cosine 
negatively and its value get numerically decreased when 
the angle get decreased. 


Nilakantha gave the formula for the second difference of sin 


function as 
5 2 
A, Sin x sin æ [2 sin =) 


He also used the concept of differential to express the resul 
related to inverse sine function as 


. (ee) ôx 
cos (e+ 8x) - cos x =~ 2 sin (Z) sin (x+ Š) 


ô (sin7 e sin w) = — o 


By using similar triangles, Nilakantha gave the rule for shado 
measurement as explained below: 
Let source of light L be located on a circle concentric with t 


circle of gnomon and its shadow, so LM should be sine chord a 
MO, cosine chord. 


NILKANTHA SOMAYAJ! (1444-1544 A.D.) 


133 
From the triangles (similar) LMO (Ligh 
and PQO,1 
O PG 
OM LM 
OQ PO 
oF OM- OG LM-PQ 
OG PQ 
is MQ IM PG 
PQ.MQ 


and the shadow OQ= LM- PQ 

Nilakantha Somayaji gave a beautiful method to find the area 
of a circle, in which circle can be divided into large number of 
Sucyakaraketras by drawing lines from the centre to the 
circumference, where a small part of Sucyakaraksetras is called as 
sucis and if these sucis are sufficiently large then the base of these 
sucis will be straight line and they take the form of triangles and 
when two of such triangles are combined invertedly then small 
rectangles emerge with one side equal to the radius of circle and 
other side equal to the base of sucis (triangles). When these small 
rectangles are arranged one with other, they will form a big 
rectangle of one side equal to radius of the circle and other side 
equal to the half of the circumference of the circle and the area of 
this big rectangle should be equal to area of given circle i.e. 


area of circle = area of big rectangle 


; ; \ 
2 circumference of crete (radius of circle) 
N 


=nrxr=nr? 
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Nilakantha also gave the simple expression to find the value of 
the arc in terms of chords and the value of common chord and its 
height in case of intersecting circles. 


He discovered the methods to find volume and surface area ofa 
sphere by using the concept of differentiation and integration. For 
any pyramid with equilateral face he gave the rule to find the 
Urdhvabhuja (perpendicular height), for which first he found the 
circumcentre cum orthocentre of the face and its altitude. As it js 
clear that the line joining the circumcentre to the middle point of 
the side of the base is one third of its altitude and for any edge of 


length a, altitude is q, so the perpendicular height 


(urdhvabhuja) is /a? and volume of this type of tetrahedron 
should be equal to /2/8 a3, which is quite closer to the correct value 


of the volume of such tetrahedron as /2/12a?. Nilakantha somayaji 


gave geometrical demonstrations of various algebraic identities. He 
also explained the method to construct Sredhiksetras (diagrammatic 
representation of series) to find correct summation of series. Another 
remarkable contribution of Nilkantha somayaji is related to the 
convergent geometric series. It seems that he was the first 
mathematician, who formulated the sum of a convergent infinite 
geometric series. He explained the sum of an infinite series whose 
successive terms after the first are obtained by dividing the preceding 
one by same divisor, remains always equal to the quotient of the 
first term divided by one less the common divisor. 


1 1 
eg, 17 4 + Fi + 43 * to infinity its sum to infinite terms should 


be equal to 
1 4 


* 10 3 

In general it can be expressed in the modern notation that if a 
is the first term and r is the common ratio, then geometric series 
should be in the form a + ar + ar? + ar? + . to infinity. 


The sum of this series can be obtained, provided it is convergent, 
for which the value of common ratio should remain in between 1 


a 


and 1.t.e.,-l<r<landS = 
— 7 


Ganesa was born in 1507 A.D., at Nandigrama. His father 
Kesava was a famous astronomer. Some historians are of the opinion 
that birth place of Ganesa was in Konkan region, nearly sixty 
kilometers away from south of Bombay. Ganesa was fortunate to 
have the knowledge of astronomy and mathematics from his father 
Kesava and grand-father Kamalakara. Kamalakara was an 
illustrious mathematician and astronomer who contributed much 
in the field of mathematics and astronomy, details about which are 
being given separately in this book. Kesava wrote several texts 
related to astronomy and astrology and he was considered best 
observational astronomer of that period. Kesava taught the basics 
of astronomy and mathematics to Ganesa and trained him properly 
for further advancement in that direction. Ganesa also wrote several 
texts related to mathematics, astronomy and astrology namely, 
Grahalagheva Laghu and Brihat-Tithi Chintamani, a commentary 
on Bhaskara II’s Siddhanta-Siromani, Budhi-Vilasini, a 
commentary on Bhaskara II's Lilavati, Vivaha Vrindavana Tika, 
Muhurta Tattvatika, Sraddha Nimaya, Parva Nimaya and Pata 
Sarani. Ganesa was a brilliant author, which can be evidently seen 
in his texts/commentaries. His presentation of various topics was 
quite unusual and rather interesting as Ganesa expressed the data 
of composition of Vrindavanatika in the way “take 12 as the number 
for the samvatsara (hayan) add one for ayana to it, add 6 to the 

Sum of these two numbers, add 4 to the sum which would give 23 as 
the number of nakastra and one for paksa. If a paksa is added to 
one more paksa, it would give 3 as the number denoting the week 
day, take as the tithi number and 11 as the month number, multiply 
© Sum of all these numbers by 21 and increase the product by 9, 
e result is saka year number”. (Tr. by S. Balachandra Rao) 
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It is calculated as 
(12% 1419+ 234+14+3+1+11)x 21+ 9 = 1500, 


which shows that Vivaha-Vrindavanatika was composed in the Saka 
year 1500 or 1578 A.D. 


In Graha-Laghva, Ganesa made the rule of computations for 
the positions of planets very simple. He also adopted a new set of 
ahargana cycle of 4016 days, which is approximately equal to eleven 
years to avoid large number in calculations. Graha-Laghva, 
consisting of 187 slokas and arranged into 14 chapters. It is 
considered an important astronomical text of medieval period, which 
is quite useful even in modern period to get relevant informations 
in this area. Many scholars from different parts of India wrote 
commentaries on this text and its popularity can be understood by 
this fact that Graha-Laghva is being used even in present times by 
Panchanga makers in the states like Maharastra, Gujarat, Madhya 
Pradesh, Karnataka and Deccan region of Andhara Pradesh. Ganesa 
in his commentaries on the works of Bhaskara II also explained 
and in some cases improved the results given by his predecessors in 
the fields of mathematics like arithmetic, algebra, geometry, 
mensuration etc. He explained a particular kind of multiplication 
technique and named it as Kapata-Sandhi. It is also called as gelosia 
multiplication e.g., for the multiplication of 243 by 37, he 
demonstrated this method in the following way : 


=> 243 x 37 = 8991 


Ganesa also described another method of multiplication Tastha- 
Gunana, which is also known by other names like Triyak-Gunan@ 
or Vajrabhyasa. It is interesting to mention that Ganesa was Very 


Par 
clear about the notion of infinity as he defined the quantity | = | by 


infinite, unlimited, indefinite, which can not be altered by adding 


` à 5 8 a a 
or subtracting any finite quantity to it i.e. ry + p= = 
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Ganesa solved indeterminate equations of first degree like 
by -ax = te. The analysia of these type of equations was in general 
called by Hindu mathematicians Kuttaka an alysis. Ganesa 
explained the meaning of Kuttaka as a term for the multiplier. In 
fact, these type of indeterminate equations were needed to solve 
vnrious astronomical problems and Ganesa stated that astronomical 
problems involving the equation by - ax = + c have the condition 
that dividend (a) and divisor (b) are constant but the interpolator 
ic) always varies. The particular form of these equations i e. by - ax 
z 2 J. was called by him as Sthira-Kuttka (constant pulverizer). 

Ganera gave the complete geometrical proof of Sulba or 
Baudhayana theorem in following way: 

Lat PQR be a triangle right angled at P. Draw PS perpendicular 
to QR, then triangles PSQ. RSP and RPQ are similar From the 


similar triangles PSQ and RPQ, we pet P 
the ratios of sides as ' 
PS SQ PQ , 
RP PQ RQ Pi ' 
PQ’ — 
e SQ = a2 — 5 R 
R= RQ 
Similarly, from the simlar triangles RSP and RPQ, we get, 
RS. SP —_RE Re RP” 
Re PQ RA 7 "SER 
WF 4 RP : 
SQ R : — or QR? = PQ? + RP? 
R 
This result was also proved bY + 8 


Ganesa in other way, taking into 
Consideration the explanation of 
Rhaskara I] in this regard, i. e the sum 
ofthe squares of the bhuj and koti will 
be equal to twice the product of bhuj 
and koti combined with the square of 
their difference. Its proof is given 
below, Let PQR be a triangle. right 
angled at P The hypotenuse QR is the 
“ile of square QRST. Now considermg Q i 
the sides SR, ST and TQ as 
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hypotenuse three other right triangles are drawn equal and similar 
to the triangle PQR, forming a small square at the centre with the 
sides equal to the difference of buja and koti. Then the area of each 


: 1 
triangle = 2 * bhuja x koti. 


So, area of all four triangles 


1 : 
=4x 3 * bhuja x koti = 2 bhuja x koti 


The area of bigger square 
= area of all four triangles 
+ area of small square formed at the centre 
= 2 bhuja x koti + (bhuja — koti)? 
= 2 bhuja x koti + bhuja? + koti? - 2 bhuja x koti 
= bhuja? + koti? 
which gives the result in the form 
QR? = QP? + PR? 

In case of rational right angled triangle Ganesa expressed that 
if the upright, base and hypotenuse of any rational right angled 
triangle are multiplied by any arbitrary rational number then it 
will produce another rational right angled triangle. On the basis of 
this assumption, Ganesa gave the general solution of x? +y? =z? in 
integers as (p? -?) r, 2pqr, (p? +q?) r, where p, q andr are rationals. 
Ganesa also described a method for the construction of rational 
quadrilateral by forming four rational right triangles from two basic 
right triangles. According to Ganesa if a? — b?, 2ab, a? + b? and 
c? - d, 2cd, c? +d? are two rational right angled triangles then the 
following four rational right triangles are formed by these two right 
angled triangles and they together form the rational quadrilateral. 
The sides of those four rational right triangles should be in following 
combinations : 

(i) (a? - b?) (c? - d), 2ab (c? - d?), (a? + b?) (e? + d) 

(ii) (a? — b?) (2cd), 4abcd, (a? + b?) (2cd) 
or 2la? — b?) (cd), 4abcd, 2(a? + b?) ed 

(iii) (e - d?) (a? - b?), 2ed (a? - 52), (c? + d?) (a? = b?) 

(iv) (c? — d*) (Cab), 2cd (2ab), (c? + d?) (2ab) 
or 2ab (c? — d*), 4abcd, 2ab (c? + d?) 

Ganesa gave a beautiful method to find the area of a circle by 
cutting it into large number of sucyakaraksetras. In this method 
first circle is to be cut into two semicircles and then same number 


G 
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of radial lines are cut in both the halves and later on joined 
invertedly to produce a big rectangle with length equal to half of 
the circumference of given circle and breadth, the radius of circle 
making area of resultant rectangle equal to the area of given circle 
i. e., area of circle = area of rectangle 


1 , 
= 2 x circumference x radius 


= Rr? 


He also described a method to inscribe a polygon in a circle, for 
which he divided the circumference of a circle into as many equal 
parts as desired and then calculated the value of the chord 
corresponding to one division by using sine table. He also gave one 
particular example to calculate the side of any regular polygon 
inscribed in a circle by taking the sides of polygon equal to 384 and 


diameter of circle 100, for this, he calculated the value of side by 
using the formula 


where S and S, are the sides of the inscribed polygons of sides 27 
andn respectively. With the application of this formula it can easily 
be seen that the side of any regular hexagon inscribed in a circle 
should be equal to the radius of the circle. With the help of this 


3927 
notion, Ganesa also found the approximate value ofn as —— which 


1250 
is equal to 3.1416 .., 


Ganesa also demonstrated a method to find the volume of 
obelisk as the sum of the volume of the prism at the centre, volume 
of four pyramids at the corners and volume of four prims on four 
sides. If (x, y) and (x’, y’) denote the length and breadth of the face 
and base of the solid respectively and A, the height, then volume of 


z / ae 
obelisk should be equal to = U +x") (y +9") xy tyi 


In general it can be noted that Buddhivilasini, a commentary 
of Ganesa on the famous mathematical treatise Lilavati of 
Bhaskaracharya II is an interesting and useful mathematical text 
to understand various rules, theorems, proofs, expositions related 
to mathematics. 


Jyesthadeva was born probably in 1500 A.D. in the Parannottu 
family of Alattur, a place situated in the South Malabar region of 
Kerala. He was a student of Damodar of Vatasreni and later on 
became an important member of Kerala school of mathematics which 
was formed on the mathematical works of Parameswara, 
Nilakantha, Madhava and many other scholars of mathematics and 
astronomy of that region. Jyesthadeva wrote a very important 
mathematical text named as Yuktibhasa or Ganita-Nyaya-Sangrah, 
which incorporated almost all the theorems and formulae which 
were in use during his period among the astronomers and 
mathematicians of Kerala and presented the rationale and proof of 
those theorems in this text. According to the scholar K.V. Sharma,“he 
is no innovator in the line of derivation and proof.” Yuktibhasa 
presented systematic expositions of these mathematical theorems, 
formulae and results and covered the topics related to mathematics 
in the first part of Yuktibhasa and the topics related to astronomy 
in its second part. Jyesthadeva originally wrote Yuktibhasa in 
Malayalam but its Sanskrit version is also available now with the 
name “Ganita—Yuktibhasa”. The astronomical part of Yuktibasa 
covers the topics related to epicyclic and eccentric models of planetry 
motions, sun’s position on the celestial sphere and its relationships 
with three systems of coordinates i.e. ecliptic, equatorial and 
horizontal coordinates ; lunar and solar eclipses, deviation of the 
longitudes of the sun and the moon, rising and setting of the moon 
and planets and size of the moon which is illuminated by the sun 
and graphical representation of this illuminated size and the part 
of moon. 

The mathematical part of Yuktibhasa is very important in terms 
of its style of presentation and coverage of all important topics 
discovered by his predecessors. In fact, Yukibhasa has become an 
important source to get the references of all those topics which were 
explained and discovered by famous mathematician of Kerala ° 
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7 
fourteenth century, i.e., Madhava of Sangamagarama. This part of 
Yuktibhasa dealt with the problems related to Geometry, Algebra 
and Arithmetic. In Geometry he explained the properties related to 
plane figures viz. triangle, quadrilateral, circle ett. Jyasthadeva 
explained the properties of triangles as 
(i) altitude of an isosceles triangle bisects its base 
(ii) altitude of a scalene triangle is always nearer to the shorter 
side 
(iii) if one side and a hypotenuse of one triangle are respectively 
perpendicular and parallel to hypotenuse and one side of 
other triangle, then these two right angled triangles are 
similar 
(iv) if all three sides of one triangle are parallel to the three 
sides of the other triangle, then these right triangles are 
similar 
(v) ifthree sides of one right triangle are perpendicular to the 
three sides of the other right triangle, then they are similar 
(vi) in similar figures the ratios of corresponding sides are equal. 
Jyesthadeva presented a very interesting proof to find the area 
of any triangle equal to half of the product of base and altitude. To 
prove this, he followed this method : 


_ Let PQR be the triangle, PS be the altitude, T and U be the 
mid-points of abadhas QS and SR and N, L be the midpoints of 
Sides PQ and PR take triangles NTQ and LVR out from the trian- 
gle and place them upward in such a way that QN coincides with 
AE and LR coincides with LP, which finally form the rectangle 
VMO, whose length is equal to altitude of triangle and breadth 


1 1 
IV- TSI SVS 2 QS + „ SR, TV = ~ QR. Therefore the area of 
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rectangle which is also equal in area to given triangle is equal to 


1 
2 QR x PS. i.e. - x base x altitude, 


He also gave another rule to find the altitude of triangle, which 
should be equal to the product of two sides (other than the base) 
divided by the diameter of the circumcircle. In Yuktibhasa we also 
find a beautiful geometrical demonstration of Baudhayana theo- 
rem related to right angled triangle. To find the value of x equal to 
square root of 10 he followed the method of the escribed polygon 
starting from the square and proceeding further to the polygon of 
Jarge number of sides. In Yuktibhasa, there is a statement for get- 
ting the value of n in the form of infinite series by using the method 
of integration. This method is originally attributed to 
Tantrasangraha and is derived from Madava’s expositions. It is 
expressed in following verse as, 

aa aries Sopa aaan gA 
Rauk fa qe Wad aoi A eee Gaia 
(Tantrasamgraha quotation in the Yuktibhasa p. 99) 
According to this sloka if diameter is multiplied by 4 and di- 
vided by one, further again diameter multiplied by 4 and divided 


by odd numbers 3, 5, etc. and alternatively added and subtracted 
then value of circumference is obtained i.e. 


; , 4d 4d 4d 
Circumference = 4d — 55 eee 
a Circumference 1 4 "S 
d E it: 
or nub tat Es ery. 
o 6' R 


Yuktisbhasa also dealt with cyclic quadrilaterals in detail and 
presented many geometrical results by applying trignometrical iden- 
tities. We find following trigonometric identities in Yuktibhasa : 


sin? A- sin? B = sin(A + B) sin (A- B) 
sin A. sin B = sin? (As — sin? — 
2 2 
sin {A + B) = sin A cos BI cos A sin B 


d(r sin A) = ice bel “eS ae 
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Jyesthadeva presented various mathematical theorems and 
results discovered by Madhava and Nilakantha with proofs. The 
series of arc (tan x), first discovered by Madhava got beautiful ex- 
position in the Yuktibasa as “the first term is the product of the 
given sine and radius of the desired are divided by the cosine of the 
arc. The succeeding terms are obtained by a process of iteration 
when the first term is repeatedly multiplied by the square of the 
sine and divided by the square of the cosine. All the terms are then 
divided by the odd numbers 1, 3, 5, ..... . The arc is obtained by 
adding and subtracting respectively the terms of odd rank and those 
of even rank. It is laid down that. the sine of the arc or that of its 
complement whichever is smaller should be taken here as the given 
sine. Otherwise, the terms obtained by this above iteration will not 
tend to the vanishing magnitude” 


dir cos A) = 


[Translated by R.C. Gupta] 


It is interesting to note here that this remarkable exposition 
about Madhava’s series related to arc (tan x) was given by 
Jyesthadava almost hundered years before the Gregory's descrip- 
tion about it, i. e. in 1671 A. D. in Europe. The sine and cosine series 
discovered by Madhava were also explained and proved in 
Yuktibhasa. Again it will be appropriate to mention here that the 
expansion of trigonometric functions in the form of infinite series 
were known to ancient Hindu mathematicians even in fourteenth 
century whereas the same concept became known to Europeans only 
in seventeenth century. In Yuktibhasa we also see interesting dem- 
onstration of algebraic geometery. Few of these geometric demon- 
strations are given below : 

(10 (a + b)? = a? + b? + 2ab 


S T R 


THE GREAT ARCHITECTS OF MATHEMATICS (VOLUME | 


(ii) (a + b +c)? =a? + b? + c? + 2ab + 2be + 2ca, this algebra; 
identity is demonstrated in following figure 


a b C 
EE 
b 
Cl ca 


Jyesthadeva also gave geometrical representation for the 
multiplication of fractions and square of any number n expressible 
as the sum of the series 1, 3, 5 ... upto n terms, which was also. 
called as Srediksetrai.e., diagrammatical representation of series. 
Jyesthadeva also used the concepts of differentiation and integration 
to find the volume and surface area of a sphere, which are very 
similar to the modern methods of finding volume and surface area 
of sphere by using integration and propounded by Newton and 
Lebinitz. Yuktibhasa is also known as the first calculus text of the 
world. In this text Jayasthadeva described the summary of 
contributions of Kerala school of mathematicians particularly in 
the areas of calculus, trigonometry and mathematical analysis, most 
of which were attributed to illustrious mathematican Madhava of 
14th century. The important developments and discoveries 
incorporated in this book include the power series, expansions of 
the functions in the form of infinite series, trigonometric series of 
sine, cosine, tangent and arc tangent, tests of convergence, power 
series of x, the derivative numerical integration by means of infinite 
series, the relationship between the area of a curve and its integral, 
the mean value theorem etc. The method of integration to find the 

volume of sphere is explained below. 

Divide the sphere into large number of strips by drawing cir- 
cles parallel to horizontal great circle at equal distances and then 
cut it into circular laminae by planes with uniform thickness equal 
to one unit. 

Volume of a lamina = zc? . 1, where c is the radius of the circle 
and is equal to its corresponding sine chord. 


JYESTHADEVA 14 


—— — 


The volume of sphere should be equal to sum of the areas of al 
circular laminae multiplied with thickness i.e. 


V = nlc)? +e, + . + eal 
Further, ifk is the height of double the arc sine chord isc and d 
the diameter, then 


af = k(d ) = ae 


d? -{k? 4(d -k}?} 


= 


Therefore, 


_ d’ ~ {hy + (d - k,}?) F d’ -l +(d = 202 
2 2 


d* —{k,* d K, N 
+ re 
2 


Songp TL. (dl 
2 2 2 
lf sphere is divided into large number of laminae then its thick- 
ness will be infinitely small and $} = 2Ad_ ..... k, NA 
and T*, Nd - K.) 


73 
and Ek? = (Ad)? + (2Ad)2 +... + (n Ad)? = S 
D 


z i 
because n also becomes in such a case equal to the diameter of the 
circle 


n 


3 3 3 
Ee: 2 d 
2 2 6 


So value of sphere = N os 


Kamalakara was born in the year 1616 A.D. in Benares. His 

father was Narsimha, who was also an astronomer. Kamalakara's 
elder brother Divakara and younger brother Rangnatha were also 
famous mathematicians and astronomers. Kamalakara got his basic 
education in mathematics and astronomy from his elder brother 
Divakara. His most celebrated text is Siddhanta-Tattva-Viveka', 
which was completed in the year 1658 A.D. His other works are: 
Grahagolatattva, Grahasarani, Katrasyudaha-rana, a commentary 
on the Bhaskaracharya’s Lilavati, Manorama, a commentary on 
the Grahalaghava of Ganesa Daivajna, Sauravasana, a commentary 
on the Suryasiddhanta and Sesavasana, a supplement to the 
Siddhantatattvaviveka. In Siddhantatattvaviveka, Kamalakara 
mentioned that his ancestors belonged to the village Golagrama 
which was situated near the river Godavari. 


Kamalakara’s text Siddhanta-Tattva-Viveka consists of fifteen 
chapters containing almost all important topics related to astronomy 
like mean motions of planets, true longitudes of the planets, 
diameters and distances of the planets, the earth’s shadow’, the 
moon’s crescent, the patas of the moon and the sun, the ‘great 
problem’, planetary transits across the sun’s disk. Kamalakara 
wrote Siddhanta-Tattva-Viveka in Sanskrit and very frequently 
used the place value number system with sanskrit numerals. The 
Sanskrit names for 1 to 9 used in this text were : eka, dvi, tri, chatur, 
pancha, shat, sapta, ashta and nava. These numbers were also 
denoted by different words of symbolical value e.g. the words like 
eka, pitamaha, adi .... were used for one ; dvi, yama, ashvin, bahu, 
paksha ..... were used for two ; tri, guna, kala, agni ... were used for 
two; tri, guna, kala, agni ... were used for three; chatur, sindu, 
yuga, brahmasya, ... were used for four ; pancha, bana, indriya, 
bhuta, mahayajna ... were used for five; shat, rasa, anga: 

shanmukha were used for six ; sapta, ashva, svara, sagara ... were 
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used for seven; ashta, gaza, naga, murti ... were used for eight ; 
nava, anka, graha ... were used for nine and shunya, bindu, kha, 
akasha, ambara ... were used for zero. 


The third chapter of Siddhanta-Tattva-Viveka deals with 
trigonometric functions. He used addition and subtraction theorem 
for sine and cosine to get the values of sines and cosines of doubles, 


triple, quadruple and quintuple angles. Kamalakara formulated 
following results : 


J R? -(jya œ)? = kojya a 
d R? -(kojyaa)* =jyaa 


R- jya d = utjya (90° ) 
R- jya (90° ) = utjya a 
Kamalakara beautifully expressed that if R sine of an arc mul- 
tiplied with radius is added to or subtracted from the square of 
radius and further square root of half of this value is taken, then it 


will give the value of the R sine of the half of three signs plus or 
minus the arc i. e. 


ee! 3 F 2 : 
jya 2 (90° + a) = 5 7K + R jya (90° G)) 


this formula can be transformed to the modern form as 


0 9 
2 cos? 2 = 1 + cos 0; 2 sin? 2 1 cos 0 
He further explained the rule of find the sum of difference of 
sine and cosine as the quotients of the R sines of any two arcs of a 
circle divided by its radius arc reciprocally multiplied by their R 
cosine ; the sum and difference of them are equal to the R sine of 
the sum and difference respectively of the two arcs”. 


(Translated by Datta & Singh) 

i.e. sin (a+8)=sinacos ĝ + cos d sin B 
Similarly, “the product of the R cosines and of the R sines of two 
arcs of a circle are divided by its radius ; the difference and sum of 


them (the quotients) are equal to the R cosine of the sum and differ- 
ence of the two arcs” 


(Translated by Datta & Singh) 


kojya a. kojya B * (Pe G. jya B83 


Le. kojya (a + B) = R R 
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which is equivalent to 


cos (a+ B) = cos a cos 5B ẸF sin asin B 

For these theorems Kamalakara also made it clear that when 
two arcs go beyond 90° to any even or odd quadrant, in such Cases 
also the above theorems remain same. This explanation shows that 
Kamalakara gave the general proof of these theorems considering 
all possible values of the arcs. It is interesting to see that 
Kamalakara had extensively considered different cases for all 
integral and fractional values of the arc. For double, triple, 
quadruple and quintuple angles he stated that 


(i) if R sine of an arc is multiplied with R cosine of same arc, 


further multiplied by two and divided by radius then we 
get R sine of twice of that arc i.e. 


iva Sa = 2jya a kojya 
R 
or sin 20 = 2 sin 8 cos 8 


(it) if the square of R sine of an arc is subtracted from the square 
of R cosine of same arc and the difference thus obtained is 
divided by the radius, then we get R cosine of twice of that 


arc i. e., 
f k : 2 fs 2 
kojya 20 (sone)! = ya)” gjya a)" — Ua &) 
R 
or cos 26 = cos? 0 — sin? 0 


Similarly, using the addition theorem successively, Kamalakara 
obtained following results : 


jya 3a = (3R? jya a —4(jya a)? VR? 
kojay 3a = {4(kojya ) — 3R? kojya a/R? 
jya 40 = 4{(kojya a)? jya d= (jya a)? kojya /R 
kojya 40 = {(kojya «)4 — 6(kojya a)? (jya a)? + Gya w)R? 
jya (500 = {Gya o) - 10Gya a)? (kojya a)? 
+ 5Gya œ) (kojya o)*V/R* 
kojya (5a) = {(kojya ) — 10(kojya a)? (ya a)? 
+ 5(kojya a) Gya aVR“ 


These formulas are equivalent to tne following trigonometri? 
identities, which are expressed in modern form as 


sin 30 = 3 sin 8 — 4 sinë 6 
cos 30 = 4 cos? 8 — 3 cos 8 
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sin 40 = 4(cos? 6 sin 8 — sin? 6 cos 8) 

cos 49 = cos* 0 - 6 cos? 0 sin? 0 + sin 6 

sin 59 = sinë — 10 sin? 6 cos? 0 + 5 sin 8 cos‘ 8 
cos 50 = cos® 6 - 10 cos? @ sin? 6 + 5 cos @ sin‘ 9 


Kamalakara also established the formulae for iya function o 
the half, third, fourth and fifth part of an arc and further suggestec 


that the values of other submultiplies of an arc can also be calcu- 
lated in the similar way, 


: 7. fa 
sin tin 20 cos 8) 


_ fe) 1. 4 fjyaa\) 
Jya 13 | = 3 a + al ay, 


or sin 


f * 
8 |== sin 6 + 2 sin? 6 
43 3 81 


va. -m. -iao 


jya(a / 2) 
or sn 9 2 —in 6 
4). 2 sin (0/2) 
: * r. 5 
n Tart E 4 jya 16 { jyaa 
a|—|=—jyaa+— ees 
(5, E” A 5 | rea 5 
5 
7 ʻe) 1 sin Y 220.5 9 
or E o 3 
ng - 2 sino + 4{ 5 | 5 5 


. He subsequently explained the method to calculate the jya func- 
tion for half of the difference of two arcs, for which he stated that by 
taking the sum of the squares of the differences of R sines and R 
cosines of two arcs and after taking the square root of this sum, 
making it half, we get the required value t.e. 


FA n 
yay ( - 8) = = (ya o —jya B) + (kojya a — kojya 5) 20 


. va 2112 
OF sin 2 (8 — 0 = k (sin 8 — sin 02 + (cos 0 — cos $)*] "E 


It is also interesting to mention here that Kamalakara gave 
beautiful methods to find the value of jya 18 and jya 36. He denoted 
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the value of jya 18 by y and radius by R and established the rela- 
tions as: 


5 R (R- Y) = SR . utjya 72 = Cya 36°)? 


and = utjya 36° 


ay? 
R 
From these two equations, we get 


275 2 
— = (jya 36°)? + (utjya 36°)" 


81 = 


R(R~y)+ 


7 


2y? f 
— 2 442 
* * j 


Solving this equation for y, we get 


or ARR —y} + 


1 
y= 5 (VER? - R°) =jya 18° 
and thereafter, 


jya 36° = gen- en 


Kamalakara also solved problems related to algebra. He dealt 
with the indeterminate equations of first degree like by — ax = c. 
He also gave the solutions for indeterminate quadratic equations 
like Nx? + 1 =y?, which were generally called the equations of Varga- 
Prakrti or Krti-Prakrti. For these type of equations he stated that 
ifx =p and y =q be a solution for Nx? + ¢ = y?, then p <q, if N and 
C are positive but if N and C are of opposite signs then for some 
cases p may be greater than q. For the equation Nx? + 1 = y”, be 


expressed that if I be an optional number, then 3 2 _ should be 
K-N 

lesser root of Nx? + 1 . Substituting this value of x in the equa- 

tion, we get 
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so, greater root for this equation should be y= 73 . x Kamalakara 


also solved the equations of the form ax2 + by? 
different possibilities of signs and values for c 
equation ax? + by? + c = 22, where c 


+e=z?, considering 
onstants. eg. for the 
is in square form say d, 


by? 


f b 
Kamalakara gave the solution as x = 2 y? andz = ETT +d. 


2ad 


24. Srinivasa Ramanujan 
(1887 A. -D.— -1920 A. D. ** 
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Srinivasa Aiyangar Ramanujan Aiyangar was born on 
December 22, 1887 in the house of his maternal grandfather at 
Erode in Tamilnadu] There is a legend attached to the birth of 
Ramanujan that for many years after the marriage, when his 
parents could not get the birth of child then his mother and maternal 
grandfather held special prayers in Namakkal to please the goddess 
Namagiri. Their prayers were answered by the birth of a male child, 
who later on became famous as a genius of mathematics throughout 
the world. Ramanujan also developed same sense of devotion as 
his mother, to Goddess Namagiri from childhood itself and very 
often experienced that various formulae, theorems, conjectures and 
mathematical problems came to his mind in the dreams for which 
he was inspired by the Goddess herself(Ramanujan belonged to 
Vaishnava Brahmin family of Kumbakonam, a place famous for its 
temples) His paternal house was also very nearer to the famous 
Saranga Pani temple{ His father, was a petty accountant in the shop 
of a local cloth merchant and his economic condition was not good. 
From infancy itself Ramanujan was quiet, reticent and meditative 
in nature and always liked to remain in solitude. As his mother 
was highly religious in nature so Ramanujan also learnt slokas, 
hymns and other sacred religious songs from his mother and 
gradually developed his interest towards religious texts, epics and 
other literature related to Vedic lore. He also learnt Sanskrit and 
Tamil and got mastery in reciting the slokas and hymns from the 

Vedas, Upanishads, Tirukkural and other important scriptures 
“Written in Tamil and Sanskrit At the age of five, he was enrolled - 
to the local primary school 4piol) at Kumbakonam’ from where his 

formal education in the areas of basic arithmetic me Tamil language 
started. In school, sometimes his teachers and classmates woul 
become awestruck by seeing the specificity of the mind of 
Ramanujan in such an early stage and his subtler questions relate 
to stars, their distances and size. fh 1894, Ramanujan was admitted 
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to the Town High Schol at Kumbakonam and from this school h. 
passed Primary Examination in 1897 with compulsory subject: 
Tamil and Arithmetic and optinal subjects Geography and English 
He stood first among all the successful candidates in whole Tanjore 
district, which made him eligible for half fee concession in the higher 
classes. In middle classes he took Sanskrit as his second language. 
He always remained engrossed with some problems of mathematics 
and while he was only in second form, he started thinking about 
the highest truth of mathematics. He even asked the question “what 
is highest truth in mathematics” to the students of higheer classes, 
for which some replied “Theorem of Pythagoras” is the highest truth, 
whereas, few other gave “Stocks and Shares” the highest place but 
he was not satisfied with these answers. When he was in third 
form, his teacher explained a problem related to division in the 
way that “ifthree bananas are distributed among three people, each 
one will get one banana, if thousand bananas are distributed among 
thousand people, then also each one will get one banana, which 
makes it clear that if any quantity is divided by itself, the value 
obtained will be always one”. With this proposition, Ramanujan 
immediately asked the question : “Sir, what value we get if zero is 
divided by itself’. This question of Ramanujan is sufficient to 
understand that from such an early age he was quite clear about 
the properties of numbers alongwith their behaviour with various 
arithmetical operations. In fact, when he was a student of third 
form, he was able to solve the problems related to arithmetic, 
geometric and harmonic progressions {In fourth foris itself, he solved 
all the problems given in Loney’s Trigonometry and recognised the 
properties of trignometric functions that they are not merely the 
ratios of the sides of any right angled triangle but can also be 
| expressed in the forms of infinite series! He also expressed the values 
of other transcendental numbers like ‘pi’ and ‘e’ to several places of 
decimals. He also obtained the results for sine and.cosine similar to 
| the Euler's Theorem and explained the methods to solve cubic and 
quartic equations During his period of study in Town High School, 
he came acros¢ the book of George Shoobridge Car “A Synopsis of 
Elementary Results in Pure Mathematics”, which contained nearly 
6165 formulae, theorems and short proofs related to Algebra 
Geometry, Trigonometry and Calculus. Ramanujan mastered Almost 
all the concepts given in this text. Regarding the importance of Car's 
Synopsis Prof. Hardy later on slated that” this book is not in any 


sense a great one but Ramanujan has made it famous and there is 
no doubt that it influenced him profoundly 


—— 
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Gn 1903, Ramanujan passed Matriculation Examination with 
first classHe joined Government college Kumbakonam for the FA. 
class with subjects English, Mathematics, Physiology, Roman ang 
Greek History and Sanskrit, but as he was growing in age, he wag 
getting deeply engaged with his mathematical sojourns{He found 


the series S — and computed the value of Euler's constant upto 


15 decimal places and independently started studying the Bernoulli 
numbers He was devoting most of his time towards mathematics 
and neglected other subjects; due to which he failed in F. A. 
examination which deprived him from the scholarship.Thereafter, 
it became very difficult for him to continue his studies without 
scholarship. Facing such brazen realities of poverty, he left the house 
without the premission of his parents and went to Vizagapatnam 
and continued his mathematical works on hypergeometric series 
and relation between integral and series. But again because of some 
unhappy experiences he returned to home and later on shifted to 
Madras to continue his studies at Pachaiyappa’s college ; where he 
also got half-free scholarship because of ha e positive 
attitude towards his mathematical interests. But he could not get 
success in F.A. examination due to illness and returned home. Prof. 
S.R. Ranganathan described this period of Ramanujan’s life as “the 
depression due to failure in the F.A. examination could not repress 
it. Failure to get employed could not shake it. Poverty and penury 
could not obstruct it. His research marched on underterred by any 
environmental factors physical, personal, economic and social. Magic 
squares, Continued fractions, Hyper-Geometric series, Properties 
of numbers—prime as well as composite, Partition of numbers, 
Elliptic integrals and several other such regions of mathematics 
engaged his thought. But during, or earlier than that time, hardly 
any thought was created in the country on some of these problems. 
The thought created in the West had not even been disseminated 
in the country. Everything had to be done and discovered by him 
De-Novo. Ramanujan had cultivated an unusual systematic habit- 
Each result that he obtained he recorded in a quarto-notebook. 
Proofs were often absent”. 

As Ramanujan was doing his mathematical work at home, his 
parents were getting highly disappointed day after day, so ther 
decided to marry him off to divert his interest from mathematics: 

the age of twenty two years he was marriedjwith eleven 
In 1909, at the age o. e , i l t 
— ir! Janaki Devi After marriage Ramanujan tried to ge 
ears old gir here but nothing came easily in his hands 
himself employed somewhe 5 Weer gee 
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according to his expectations. He moved from one place to other to 
get some support and lately though, with the influence of some 
prominent people who also had some interest in mathematics like 
Prof. Ramaswami Aiyar, Deputy Collector of Tirukoilur, Prof. Seshu 
Aiyar of Presidency College Madras, Dewan Bhadur 
R. Ramachandra Rao, the Collector of Nellore District and S. 
Narayana Iyer of Madras Port Trust he could get the job of a clerk 
in the Madras Port Trust and joined duty on March 1. 1912. During 
this period also, he continued his unstinted interests in discovering 
and investigating the problems of mathematics and got number of 
papers published in the journal of the Indian Mathematical society. 
On the advice of Prof. Seshu Aiyar Me sent few of his results relate 
to divergent series to Prof. G.H. Hardy of Trinity College Cambridgg 
on Jan 16, 1913 with a letter stating that “I beg to introduce myself 
to you as a clerk in the Accounts Department of the Port Trust 
Office at Madras on a salary of only twenty pounds per annum. | 
am now about 23 years of age. [have had no university education 
but I have undergone the ordinary schoo! course. After leaving school 
l have been employing the spare time at my disposal to work at 
mathematics, I have not trodden through the conventional regular 
course which is followed in a university course but I am striking 
out a new path for myself. I have made a special investigation of 
divergent. serries in general and the results I get are termed by 
local mathematicians as startling. Being poor, if you are convinced 
that there is anything of value I would like to have my theorems 
published, T have not given the actual investigations nor the 
expressions that I get but I have indicated to the nnes on which I 
procees ..... i 


Prof. Hardy studied the theorems and results sent by 
Ramanujan with Prof. Littlewood-and replied on Feb 8, 1913 that 
“I was exceedingly interested by your letter and by the theorems 
which you state. You will however understand that before I can 
judge properly of the value of what you have done. it is essential 
that I should see proofs of some of vour assertions. Your results 
seem to me to fall into roughly three classes. 

(1) there are a number of results that are already known or 
easily deducible from known theorems 

(2) there are results which, so far as 1 know, are new and in- 
teresting but interesting rather from their curiosity and 
apparent differently than their importance 

(3) there are results which appear to be new and important 


156 THE GREAT ARCHITECTS OF MATHEMATICS (VOLUME |) 


(Ramanujan was highly encouraged by the letter of Prof. Hardy 
and replied him back for help and guidance. He stated that “I have 
found sympathetically ..... I am already a half starving man. To 
preserve my brains I want food and this is my first consideration. 
Any sympathetic letter from you will be helpful to me here to get a 
scholarship either from the University or from the Government . 
Though many scholars and officers from Madras and other 
neighbouring areas, who themselves were interested in 
mathematics, were also trying genutenly to arrange a constant 
source of financial help for Ramanujan, so that he could continue 
his mathematical works without bothering much for his daily 
livelihood and finally these efforts got succeeded in March, 1913 
when University of Madras awarded scholarship of Rs. 75 per 
mensem to S. Ramanujam for a period of two years with a condition 
that Ramanujan should submit the quarterly reports of his 
mathematical work to the University but this scholarship he could 
avail only for one year because on 17th March 1914, with the great 
interest and persuastion of Prof. Hardy, S. Ramanujan sailed from 
India for his academic voyage to Cambridgd by the ship. S.S. Nevasa. 
University of Madras further approved two hundred and fifty 
pounds per annum scholarship to him for a period of two years 
from April 1, 1914 with a free passage to and fro from England 

alongwith petty grant of consolidated amount for other related 
expenditures. Later on this scholarship was further extended upto 
five years. On 14th April 1914 he arrived in London and from there 
he went Cambridge and stayed with Prof. Neville for few weeks 
until he was alloted accomodation in Trinity college. Soon after his 
arrival in Cambridge Prof. Hardy entrusted the responsibility of 
teaching the essentials of modern mathematics needed for 
Ramanujan’s further advancement in research to Prof. Littlewood, 
but unfortunately, after some time war broke out and Prof. 
Littlewood was deputed for war duty. Thereafter, only(Prof. G.H. 
Hardy was in Cambridge to help and guide Ramanujan)Prof. Hardy 
treated S. Ramanujan as his talented younger brother and wanted 
to do all those things to him which were necessary for his progress 
and more subtler discoveries in the domain of mathematics by 
him. Prof. Hardy expressed his views in these words. “There was 
one great puzzle. What was to be done in the way of teaching him 

modern mathematics ? The limitations of his knowledge were as 

startling as its profundity. Here was a man who could work out 

modular equations and theorems of complex multiplications to 

orders unheard of, whose mastery of continued fractions was on 
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the formal side at any rate, beyond that of any mathematician in 
the world who had found for himself the fractional equation of the 
zeta function and dominant terms of many of the most famous 
problems in the analytic theory of numbers, and he had never heard 
of a doubly periodic function or of Cauchy’s theorem and had indeed 
but the vaguest idea of what a function of a complex variable was. 
His ideas as to what constituted a mathematical proof were of the 
most shadowy description. All his results, new or old, right or wrong 
had been arrived at by a process of mingled argument, intuition 
and induction of which he was entirely unable to give any coherent 
account’. 


On Nov. 11, 1915 Prof. Hardy sent a letter to the Registrar of 
University of Madras expressing that “Ramanujan was much 
handicapped by the war, Mr. Littlewood, who would naturally have 
shared his teaching with me, has been away, and one teacher is not 
enough for so fertile, a pupil ... . He is beyond question the best 
Indian mathematician of modern times . ., He will always be rather 
eccentric in his choice of objects and methods of dealing with them 
9 8 But of his extraordinary gifts there can be no question; in some 
ways he is the most remarkable mathmatician I have ever known.” 


For April 1914 to April 1917, Ramanujan got 21 research papers 
published] On definite integrals, Riemann’s Zeta function partition 
and combinatorial analysis and number theory, out of which five 
papers were in joint authorship with Prof. Hardy.{In 1915 his paper 
“Highly Composite Number” consisting of 63 pages and expressing 
269 equations was published in the journal of the “London 
Mathematical! Society {For this extraordinary work he was awarded 
the Bachelor’s degree from Trinity college} Prof. Hardy expressed 
his views about this paper in these words “Mr. Ramanujan’s 
elaborate memoir on “Highly Composite Numbers” contains an 
account of the longest and perhaps the most important ceneng 
piece of work, which he has done since his arrival in E ngland, A 
highly composite number is a number which has more divisors dean 

any smaller number, which ts so to say, as unlike a prime, as a 

| number can be. Thus 2, 4, 6, 12, 24, 36, 48, 60, 120 and 180 are the 
first such numbers. Mr. Ramanujan shows! how by reasoning of an 
elementary but highly ingenuous character, we can obtain 
surprisingly accurate information as to the structure of highly 
composite numbers”. In this paper|] Ramanujan also pave largest 
highly composite number as 


6746828888500 = 2°, 31, 5%, 7%, 11, 13, 17, 19, 23. 
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Prof. Hardy in the above mentioned report further said tha 
“India has produced many talented mathematicians in recent years 
a number of whom have come to Cambridge and attained hig} 
academic distinction. They will be the first to recognise that Mr 
Ramanujan’s work is of a different category. In him, India now 
possesses a pure mathematician of first order, whose achievements 
suggest the brightest hopes for its scientific future.” 


The mathematical researches of Ramanujan brought him high 
praise and because of such amazing contributions in the field of 
Pure Mathematics, he was elected a Fellow of Royal Society on 
February 28, 1918 being a “research student in mathematics 
distinguished as a pure mathematician particularly for his 
investigations in elliptic functions and the theory of numbers” and 
thereafter, on October 13, 1918 he was also elected a Fellow of the 
Trinity College) With this fellowship he became entitled to get 
annual stipend of 250 pounds for six years. On the election of 
Ramanujan to the Fellowship of Trinity College Prof. Hardy wrote 
to the Registrar of University of Madras that “He (Ramanujan) will 
return to India with a scientific standing and reputaion such as no 
Indian has enjoyed before, and I am confident that India will regard 
him as the treasure he is. His natural simplicity and modesty has 
never been affected in the least by success—indeed all that is wanted 
is to get him to realise that he really is a success”. 


On Ramanujan’s exemplary works university of Madras also 
decided to grant him a yearly allowance of 250 pounds for five years 
from April 1, 1919 and also offered a lump-sum amount to meet 
other allied expenditures. When Ramanujan got information about 
this scholarship, he wrote to the Registrar of university of Madras 
that “.... I greatfully accept the very generous help which the 
university offers to me. I feel, however that after my return to India. 
which I expect to happen as soon as arrangements can be made. 
the total amount of money to which I shall be entitled will be much 
more than I shall require. I should hope that after my expenses in 
England have been paid, sixty pounds a year will be paid to my 
parents and that the surplus, after my necessary expenses are met, 
should be used for some educational purposes, such in particular 
as the reduction of school fees for poor boys and orphans and 
provision of books in schools. No doubt it will be possible to make 
an arrangement about this after my return. I feel very sorry that, 
as I have not been well, I have not been able to do as muca 
mathematics during the last two years as before. I hope that I shal 
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soon be able to do more and certainly do my best to deserve the 
help that has been given me”. 


\ Ramanujan fell seriously ill in 1917 and was admitted to a 
nursing home at Cambridgehand thereafter shifted to other hospitals 
at Wells, at Matlock-and in London. He was sufferring from 
pulmanory tuberclosis, which developed probably due to 
unfavourable climate, nonavailability of proper nourishment being 
vegitarian and cooking food himself in addition to strenuous and 
highly engaged acadmic works. When he was at Putney Nursing 
Home, Prof. Hardy went there and made the conversations 

“How are you”: Hardy 
“Better, thank you“: Ramanujan 


(Prof. Hardy was very sad on seeing the detoriating health 
condition of Ramanujan and said “the number of the taxicab in 
which I came here was 1729. The number seems to be a dull one 
and I hope it is not an unfavourable omen”/ 


Ramanujan immediately replied with shining eyes: 


No, it is very interesting number, in fact, it it is the smallest 
number expressible as a sum of two cubes in two different ways“ 


(1729 = 12° + 1° = 10° + 9°) 
Prof. Hardy was amazed by the answer and said : “Do you now 
the answer to the corresponding problem for the fourth power“? 


Ramanujan said “I can see no obvious examples. But I think 
that the first such number must be very large”. 


He was right in his contemplation, as this number was already 
discovered by another famous mathematician Euler of eighteenth 
century. 

635318657 = 594 + 1584 = 1334 ＋ 1344 


This conversation fully substantiate the view of Prof. Littlewood 
about Ramanujan that “every positive integer was one of 
Ramanujan’s personal friends”. 


With the progression of time, there was no improvement in the 
health condition of Ramanujan so his well wishers in England 
decided to send him back to India, with a hope that his health 
condition may improve in a congenial climate and a homely 
atmosphere, Finally, on Feb., 27, 1919, Ramanujan left England 
by ship S.S. Nagoya and after the journey of four weeks he reached 
Bombay and thereafter Madras on April 2, 1919. Indian 
Mathematical Society convened a meeting on April 1, 1919 and 
passed a resolution in his appreciation as “Mr. S. Ramanujan, B.A. 
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F.R.S., this distinguished mathematician has returned to Madras 
in somewhat different health after a prolonged stay at Cambridge 
By this unique mathematical talents and by the amount of useful 
and original work, he has raised India in the estimation of the 
outside world. We extend our most cordial welcome to him and most 
fervently pray that he may be soon restored to his full vigour,to 
prosecute his glorious work in the scientific world”. 


From April to June he was in Madras ande then went to his 
maternal prandfather’s house in Erode, where he stayed about eight 
weeks and finally left for his native place Kumbakonam in the 
month of September. Again, in January 1920, he returned to 
Madras, where he was given best possible treatment. On January 
12, 1920 from Madras Ramanujan wrote a letter to Prof. Hardy 
that “I am extremely sorry for not writing you a single letter upto 
now ..... I discovered very interesting functions recently which I 
call Mock-Theta Functions, unlike the False-Theta Functions 
(studied partially by Prof. Rogers in his interesting paper), they 
enter into mathematics as beautifully as the ordinary functions. I 
am sending you with this letter some examples”. 


Regarding the discovery of this Mock-Theta-Function, Prof. 
Watson said in the valadictory address of London Mathematical 
Society on November 14, 1936 that “Ramanujan’s discovery of the 
Mock-Theta Functions makes it obvious that his skill and ingenuity 
did not desert him at the oncoming of his untimely end. As much as 
any of his earlier work, the Mock-Theta Functions are an 
achievement sufficient to cause his name to be held in lasting 
remembrance. To his students such discoveries will be a source of 
delight and wonder until the time shall come when we too shall 
make our journey to that garden of Proserpine where 

“Pale, beyond porch and portal 
Crowned with calm leaves, she stands 
who gathers all things mortal. 

with cold7mmortal hands“. 

(Struggling with dreaded disease, he finally succumbed to it on 
April 26, 1920 at the age of 32 years, four months and four days. lt 
was a great loss to the world of mathematics, whose brightest star 
disappeared even during its most shining period) Prof. E. T. Bell in 
his book Men and Mathematics” opined that “even expert analysts 
hail Ramanujan as a gift from heaven, his all but supernatura 
insight into apparently unrelated formulas reveals hidden trails 
leading from one territory to another and analysts have new task 
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provided for them in clearing the trails”. Ramanujan, in fact was 
an ardent seeker of mathematical knowledge. Whatever problems 
he faced throughout his life in different forms could not deter him 
to march ahead in his journey towards higher pleateus of 
mathematics. The observations of Richard Asky are quite 
appropriate in this regard that “try to imagine the quality of 
Ramanujan's mind, one which drove him to work unceasingly while 
deathly ill and one great enough to grow deeper while his body 
became weaker. I stand tn awe of his accomplishments, 
understanding is bevond me. We would admire any mathematician 
whose life's work was half of what Ramanujan found in the last 
year of his life while he was dying”. 


[After his death, the only treasure left with us are his notebooks. 
His first handwritten notebook consists of 351 pages with almost 
sixteen chapters, the second notebook consisting 256 pages in twenty 
one chapters alongwith 100 unorganized pages and third notebook 
only of thirty ince pages. When he left England, his first notebook 
remained with Prof. Hardy, which he later on edited in the year 
1923 covering 47 main theorems and several other related 
corrolaries In 1957, the Tata Institute of Fundamental Research 
published two facsimile volumes of these notebooks and finally from 
1985 onwards Prof. Berndt got published Ramanujan’s notebooks 
in five volumes from Springer-Verlage.{Ramanujan’s important 
results were in the areas of gamma functions, continued fractions, 
modular forms, divergent series, hypergeometric series, highly 
composite numbers, partition function and its asymptotics, prime 
number theory and mock-theta functions | 

Some of his interesting results are given below for quick 
references of the readers : 

(I) In his early days, Ramanujan was very much fascinated with 
the magic square and devised some new rules to construct the magic 
squares of different orders e.g. 


(3 x 3 magie square) 
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(4 x 4 magic square) 


(2) Partition of Natural Numbers. For any given natural 
number partition is a process of splitting that number into smaller 
natural numbers such that their sum remains always equal to given 
number e.g. 


forn = 5, total partitions are 5,4+1, 3+2,3+14+1,2+2+1, 
241+1+1,1+1+1+ł1+1 


So P(5) że. total partitions for 5 are 7. 


Similarly, for other natural numbers also the value of total 
partitions can be calculated as, P(8) = 22, P(11) = 56, P(16) = 231, | 
P(20) = 627, P(200) = 3972999029388 


Ramanujan also gave conjecture related to these partitions by 
expressing that 


P(5n + 4) is divisible by 5 
P(7n + 5) is divisible by 7 
P(11n + 6) is divisible by 11 
which shows that ail natural numbers of the form 5n + 4, when 


Ramanujan also established one beautiful identity related to 
partitions of natural numbers as 


P(4) + P(9) x + P(14)x? + P(19)x3 + 00... 
51- 45) (1- x!) (1 x15) (1 & 20) . Jö 
(1-4) (1- x?) (i- (1-24).....]° 
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(ut) Ramanujan solved the problems related to the nested 
square root in following way, 


(take a function fin) = n(n + 4) 


n(n +4)= njn? +8n+6 
= nn +11)+(n? +6n +5) 


| Nn 1D TG Dyn? +10n + 25 


=n Jan 10 +(n D/ n 13) + (n+ 2/2 +127 +36 


| (272 + 13) + (n + 2) 
n ＋ 150 ＋ (n+ 302 ＋ lán +49 
=n je pCO E D io. AER 


‚— m ECS SSOP ECCS POSE Serer ese %õõõõ „„ „„ 
PROPS CESSES CEPR re CeCe 2%37ée] «%ũœ re Pee eS ũZ·ũi „„ „„ „„ 
— ee ee ree eee eee eee eee eee errr ees 


An +13)+(n+2) 
=n ormsa sn —=> 


ee et 
y y(2n + 15) + (n+ 3 / n IJ . 
put n = 1, and get 


or J13 +2415 317 +4/19+ ere 28 


(iv) Ramanujan gave several approximations of x, few of 
them are given below 


Tia 8 
315 | = 3.14162 
BS | EEN | 

— —— ͤ —4ñ— Pee “On K 

25 77 15/5 3.1415926358 ...... 
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22 


4 


1/4 
2 19? 
9° +— | =3.141592652 . 


355 1 0.0003 
1133533 | = 3.1415926535897943..... 


1 7110 log 40 +/5) (2+ Dje +2/10 +4614 25010 


* 1/3 * 12 
eae 10 +112 ' + 10+ 7/2 
142 * 4 , 8 4 / 


nn - 
— * < Ay n tA r a > j | 
CG 


— A. IA 7 
X ES AAR f 1 
Ramanujan also obtained the expansions of — in the form of 
* 
infinite series as 


3 
4°\ 2.4, 


f 3 7 * ‘ 
4147/2) HEG 1 2.8.5 
* % 4724 6 


2 


16 47 2 89 1.3 
BTU 
64 |2 abe 


—Lͤ— 


1 1103 27493 11.3 53383 1.3 1.3.5.7 
28/2 99% 998 2 32 99 2.4 42 g2 UU 


T 1 1 1.3 1 
— 2 —.— 321 Eᷣ— K 
2 log 2 32 4 55 + 
105 1 1557 1 
ni (raiik) meen 


Ramanujan also gave the proof for the famous geometrical 
problem related to squaring of a circle. Ramanujan’s results have 
numerous applications in different branches of sciences. His 
approximations of x are providing the basis for the the festest 
computer algorithm to determine the value of n to several places 
of decimals by the supercomputers. His partition theory is being 
applied to a new branch of science related to Super String Theory. 
His formulae are also applied in the field of crystallography) 
Elaborating these applications Prof. George Andrews stated tha 
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“His (Ramanujan's) mathematics is being applied more widely. It 
appliention in theoretical physics is rising. The rise of compute 
algebra makes it interesting to study somebody who seems like h 
had a computer algebra package in his head”. 


To honour S. Ramanujan; Government of India issued: 
commemorative stamp on his 75th birth day in 1962. Ramanujin: 
birth day ie. December 22 is also celebrated every year as state Fl 
day in Tanulnadu. International centre for Theoretical Physics it 
association with the I. M. U. also instituted a prize in the name of S 
Ramanujan for young mathematician from developing countries 
Consider ing rem arkable achievements of Srinivas Ramanujan) in 
the field GF mathematics praise worthy, Jaw har Lal Nehru also 
wrote in his book “Discovery of India” that “Mathematics in India 
inevitably makes one think of one extraordinary figure of recent 
times. This was Srinivasa Ramanujan. Born in a poor Brahmin 
family in south India. having no opportunities for a proper 
educations, he became a clerk in the Madras Port Trust. But he 
was bubbling over with same irrepressible quality of instinctive 
genius and played about with numbers and equations in his spare 
time. By a lucky chance he attracted the attention of a 
mathematician who sent some of his amateur work to Cambridge 
in England, People there were impressed and a scholarship was 
arranged for him. So he left his clerk's job and went to Cambridge 
and during a very brief period there did work of profound value 
and amazing originality. The Royal Society of England went rather 
out of their way and made him a Fellow, but he died two years 
later, probably to tuberculosis, at the age of thirty three. Professor 
Julian Huxlay has, I believe, referred to him somewhere as the 
preatest mathematician of the century”. 


Finally, it will be appropriate to quote James R. Newman that] 
“India has from time to time posssessed mathematicians of great 
power. They may be traced through the ages back to the later Greek 
period. But judged by absolute standards of greatness, {mong all 


mathematicians of the East, the genius of Ramanujan appears to 
be supreme’ =) 
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